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1. Introduction

Let © be a nonempty bounded connected open subset of RY (N =2 or N = 3) of class C*. Let T > 0
and let w C Q be a (small) nonempty open subset which is the control domain. Here, we will use the notation
Q:=0x(0,T), % :=00x (0,T) and by n(z) the outward unit normal vector to  at the point x € I.

Let us consider the controlled Navier—Stokes system with nonlinear Navier slip boundary conditions.
Given a nonlinear regular function f: R — RY and an initial state yo, we consider the following system:

ye — V- (Dy)+ (y,V)y+Vp=ovx, in @,

V.y=0 in Q, L)
y-n=0,(o(y,p) n)g+fyhy =0 on %,
y(,O) = yO() in Q,
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where v = v(x,t) stands for the control which acts in a arbitrary fixed domain w x (0,T) and suppv C
w X% (0,T), xw is a smooth positive function such that x,, = 1 in w’, where w’ € w. Respect to the boundary
conditions, we mention that in 1823, C.L. Navier (see [21]) established a slip-with-friction boundary condition
and claimed that the component of the fluid velocity tangential to the surface should be proportional to
the rate of strain at the surface. The velocity’s component normal to the surface is naturally zero as mass
is not able to penetrate an impermeable solid surface [21]. This can be expressed by

y-n=0 and (o(y,p) n)ig+kyg=0 onk,

where o(y,p) := —pld + Dy is the stress tensor, D is the symmetrized gradient of y, p is the pressure,
Id is the identity matrix, tg stands for the tangential component of the corresponding vector field, i.e.,
(see [21]):

Ytg =y — (y-n)n

and k is a scalar friction function that measures the local viscous coupling between fluid and solid.

Physically a nonzero slip length arises from the unequal wall and fluid densities, the weak wall-fluid
interaction and the high temperature. Although in most of the situations, the Navier-slip boundary condition
can be reduced to the no-slip boundary conditions due to extremely small slip length. However, in some
cases as in the driven cavity flow problem, aerodynamics processes, weather forecast, turbulence problems,
among others, it has been shown that the Navier-slip boundary condition is valid and removes un-physical
singularities (see [5] and references therein). Then, the theoretical analysis is complicated as well as numerical
solutions of the model and an alternative is then to reduce the no-slip condition on rough boundaries to ad
hoc boundary conditions, the so-called wall laws, on a smooth domain.

Let us point out that our boundary conditions corresponds to a law of the wall that appear in turbulent
flows, specifically when & may not depend on |y| linearly. We invite to the interested reader to see [5], [19]
for a complete discussion on this subject.

In the context of controllability, the papers by Coron [7] and Imanuvilov [17] show results of the approx-
imate controllability and local exact controllability for the Navier—Stokes system with Navier-slip boundary
conditions in two dimensions, with some restrictions in each case. The system (1.1) has been studied by
Guerrero [16], in this paper the author proved the local null controllability to the trajectories of (1.1) in
dimension N using Carleman estimates for the associated linear system and fixed point arguments. On the
other hand, recent papers by Coron and Guerrero [6], Carreiio and Guerrero [4] are evidence of the null
controllability and local null controllability of the Navier—Stokes system with N — 1 scalar controls, even
thought they use homogeneous Dirichlet boundary conditions. We also highlight the work by Coron and
Lissy [8], whose authors have proved the local null controllability of the 3D Navier—Stokes system with one
scalar control. Finally, we refer to the more recent work on global exact controllability of the Navier—Stokes
equation with Navier slip-with-friction boundary conditions [9], where the authors have used the return
method, asymptotic convergence and dissipation estimates for the boundary layer in order to prove the
main result.

The main objective of this paper is to obtain the local null controllability of system (1.1) by means of
N — 1 scalar controls, see Theorem 1.1.

Let us now introduce several spaces which are usual in the context of problems modeling incompressible
fluids:

Vi={uec H}(QN :V-u=0inQ},
H:={uecl?* QY :V-u=0,inQ u-n=0on 0N}
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and

W={ucH QN :V-u=0inQ, u-n=0on N}
Our main result is given in the following theorem.

Theorem 1.1. Let us assume thati € {1,...,N} and f € C*(RY;RYN) with f(0) = 0. Then, for every T > 0
and w C Q, there exists § > 0 such that, for every yo € H*(Q)N N'W satisfying lyoll rr3(@)vw < 0 and the
compatibility condition

(Dyo - n)tg + (f(yo))tg =0 on 09, (1.2)
we can find a control
ve LX0,T; H*(w)N) n HY(0,T; L*(w)N),
with v; = 0 and an associated solution (y,p) to (1.1) verifying y(-,T) = 0 in .

To prove Theorem 1.1, we first deduce a null controllability result for a linearized system around zero
associated to (1.1):

Yyt — V- (Dy) + Vp=h + vxe in  Q,
V-y=0 in  Q, (1.3)
y-n=0, (U(y,p) ) n)tg + (A(xat)y)tg =0 on
y(-,0) = yo (") in

where A is a N x N matrix-valued function in a suitable space and h decreases exponentially to zero in 7.
Finally, we apply Kakutani’s fixed point theorem and an inverse mapping theorem to conclude the local
null controllability for the nonlinear system (1.1).

The paper is organized as follows. In Section 2, we present a previous regularity result proved in [16] and
other that we prove here for systems as (1.3). In section 3, we establish a Carleman inequality needed to
deal with the controllability problems. In section 4, we prove the null controllability of the linear system
(1.3). Finally, in Section 5 we give the proof of Theorem 1.1 using fixed point arguments.

Before starting with Section 2, we consider several Hilbert spaces for ¢ > 0 small enough:

PEO — H1/2+E(07T; H1+a(aQ)N><N)7 Psl — H5/4+E(0’T; LZ(aQ)NxN)7
P? = L2(0,T; H/?(9Q)N*N),
Ze = HY™e(0,T; HY(QN nW)n L0, T; H* Q)N nW) (1.4)

and
Yy = L2(0,T; HX(Q)NM)n HY(0,T; LA (Q)Y), Y := L2(0,T; H*(Q)N) n H?(0,T; L*(Q)N).
2. Preliminary results
In order to prove the main theorem of this paper, we introduce some preliminary results which will

be used later on. More precisely, we present regularity results concerning the Stokes system with linear
Navier-slip boundary conditions.
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The proof of the following result can be found in [16].

Lemma 2.1. Let A € P°, ug € H, fo € L*(0,T;W'), fo € L*(0,T; H-*/2(0Q)N) and let u be the weak
solution of the system

ur — V- (Du) + VO = fy m  Q,

V-u=0 mn  Q, (2.1)
w-n=0,(c(u,0) n)y+ (Alz,t)u)yy = f» on I, '
u(+,0) = uo(+) in  Q,

namely, the function u satisfying

/ ws(t) - vz + % Q/ Du(t) : Dvdz + / Au(t) - vdo

Q o0

:/fo(t) -vd:t:+/f2(t) ~vdo a.e. t€(0,T), YveW,
Q Elo)

u(-,0) =ug(-) in Q.
Then, if we further assume ug € W and
fo € LX(QN, fa € L2(0,T; HV2(0Q)Y), fo € HY/H(0,T; H-*(0)Y),

u is actually, together with a pressure 0, the strong solution of (2.1), i.e., (u,0) € Y1 x L?(0,T; H*()).
Furthermore, there exists a positive constant C such that

CTlAlRg

lully, + 10ll2 0,70 (@) < Ce L+ [[Al120) (I foll 2@y~

(2.2)
+ 12l 20,7 1/200)n) + 1 f2ll frisase 0.1 -2 00y~ + l[uoll g @)~ ) -

Remark 2.1. The author in [16] proved Lemma 2.1 whenever
A€ H'H0,T; Wit (90) V),

where 0 < ¢ < 1/2 is arbitrarily close to 1/2 and 14 > 1 is arbitrarily close to 1. Observe that this hypothesis
is satisfied if A € PY.

Using the above Lemma, we prove now a regularity result for the solution of (2.1). To this end, we will
impose the following compatibility condition:

(Dug - n)ig + (A(+, 0)ug)g = f2(+,0)  on 0. (2.3)

Theorem 2.1. Let A € P} N P2, ug € H3(Q)N N W satisfying (2.3), fo € Y1, f2 € L?(0,T; H*2(0Q)N) N
HY0,T; H'/2(0Q)N), and let u be the strong solution of system

u — V- (Du) + V0 = fo in  Q,
V-u=0 n  Q, (2.4)
u-n=0, (c(u,d) n)g+ (Alx,t)u)tg = f2 on X,
u(,0) = ug() in Q.
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Then, (u,0) € Yo x L2(0,T; H3(Q)) and there exists a positive constant C such that

[ully, + 101l 220,713 ()

(2.5)
< C(A)<||fo||Y1 + 12l 20,152 000~y + | fell a1 0,112 00) ) + ||Uo|\H3(sz)N),
where
2
C(4) = e (1 1|42 ) [T+ 1AL + 1411 (2.6)
Proof of Theorem 2.1. We consider (2.4) like a stationary system, that is to say:
V- (Du)+ VO = fo—u in  Q,
V-u=0 in Q (2.7)
u-n=0,(o(u,0) n)y+ (A, 1))y = f2  on 0O,
for almost every ¢ € (0,T).
The rest of the proof is divided in two steps.
Step 1. The goal will be to prove that the weak solution (u,8) of the stationary system
=V - (Du) + Vo = g in  Q,
V-u=gq in (2.8)

u-n=0,(c(u,0) n)yy=g2 on 0N,

actually belongs to H3(Q)N x H?(Q), whenever go € H' ()N, g1 € H*(Q) and g, € H3/2(0Q)N.
In accordance with estimate (2.2) for the stationary case and for A = 0, we obtain that the weak solution
of (2.8) satisfies

lllrzays + 181 @) < € (goll 2@y + lgallarn oy + gl zrvvz oy ) (2.9)

for a positive constant C.

The interior regularity readily follows from the corresponding result with homogeneous Dirichlet boundary
conditions, which can be found in [22], for instance. Then, for every ' CC Q, we have u € H3(Y)V,
6 € H*(Q) and

el + 1602y < C(lgoll s + lgrllzcoy + lgall s ony ), (2.10)

for some positive constant C(€, Q).

In order to obtain this close to the boundary, we consider xy € 92 and Uy a neighborhood of xy. Then,
it suffices to prove that u € H>(QNU)N and 6 € H*(QNT), for every U cC Uy.

To this end, let ¢ be a W3 diffeomorphism which sends the set

C’0 = {(€/7£N) GRN : |£Z‘ < Qg 1= 1a aN_ 1) |§N| <ﬁ0}
onto Uy and which verifies

W(CH) =QNUy, P(Aa,) =02N Uy,
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where we have denoted C’S‘ =CynN Rﬁ and A, = 8Rf N Cy. Let us now introduce a cut-off function
¢ € C%(Uy) such that

¢(=1inU and supp ( C U, cC Uy, (2.11)

where U; is a regular open set. Then, let us set z = Cu, h = (. They verify:

-V (Dz)+Vh =g} in  QnNU,

V-z=g] in  QnNUy, (2.12)

z:n=0, (0(z,h) -n)yg=9g5 on 9INNUp, ’
=0 on QN aUy,

with

95 = Cgo — 2VC - Vu— V(- Viu — ACu— VVC-u+ V¢ — V¢ € HH(QN TN,

¢ (2.13)

=(g1 +VC¢-ue H}(QNU) and gz—ggg—ka ue H¥2(00 N Uy)N

on

Let us now perform the change of variable 2 = 1(¢). If we define Z = z o), h = h ot and i = n o 1, then

6Zs agk ~ -1
E = -V; =1...,N
agkz axt VZS Vlw ) vs ) ) )

where we have denoted V;1~! the ith-column of Vi)~!. Observe that

d N 925, ¢, 06, 0z, 0%,
3xl (axl ) Z (agkagj 3—;1 89&) Z Bfk 0x0x;

J,k=1

Therefore
N N A-

0?z, 0&; Ok 0% 02 fk Ot O,
A= i Zk:: (3fkafj asz' 3%') Z 5{ a2 - (Z 8;5]1 5371) Z

1

= Hess(Z,) : VY IV 1 4+ Vi, - Ayt

where Hess(Z,) represents the Hessian matrix on Z, and Ay~1 := A€ := (A&y, ..., Afy). Moreover,

0%s 0€; © ot—1 oh 0¢; ~ 1
dwz—zafjams Vz: VY and h Z@fj o =Vh- -V .
s,5=1
Then, taking into account that for every i =1,..., N we have

(V-Dz); = Az; + 0; div z,
we find from (2.12) that Z; satisfies the following system for i = 1,..., N:

*HGSS(ZZ') : Vz,lflvtz/fl - Vi - A¢71 + Vil . Vﬂ/ﬁl = (g})*)z +0;¢1* in CS_,

Vi: Vit = i C'+7

PV _ gf _ N . . (2.14)
Z2-n=0, (6(2) N)g=g2" on JRY NCy,
=0 on 9CH NRY,
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where we have denoted
ot =950, Gi"=gioyY, G =gz0%
and
(6(2))is ==V, - Vi 1 4+ V5 -Vt V1 <i,s <N.

On the other hand, note that for every function F in H*(Q) (£ € N,¢ < 3), F = F o1 belongs to H'(C{)
and there exists a positive constant C' = C(€2) such that

||F||Hf(c;r) < CHF||H€(Q)~
Now, observe that Z € )~(072, with
Xop:={2€ H*(C)N :2=00n0Cy NRY, z-7=0on ORY N Cy}.

Let us introduce C; = ¢(Uy) (recall that U; CC Up) and d = dist(dCy,dC;"). Then, we have 6% % € X5
forany 1 <k < N —1 and any |m| < d/2, where we have denoted

Xip={2e H}(C{)N :2=00n 00 NRY, 2-71=0on ORY N4},
and (see [2])
S(f) =T (f) = f, T(f) = (€ = F(€ + mex)) (2.15)
(see (2.9) and (2.11)). We denote now @ = 6F 2, 7 = 6% h. We have:

ok (Hess(z) : VY IV ™) = Hess(w;) : VIV~ + Hess(%(€ + mey)) : 68 (V=1 Vip~1).
Sk (V2 - A=) = Vi, - A= 4+ VZ(€ + mey) - 05 (Ayp™1).
Sk (Vz: V™) =V : Vi~ + VE(E + mey) : 08 Vi~

and
6k (Vh-Vip™) = Vi - Vit 4 VA(E + mey) - 08 Vi1
Additionally,
k(zn)=w-n
and
~ N
Sk ((0(2,h) - R)tg) = (5(0) - R)sg + Z(vzs(g + mey) - 0% Vip ™+ VE(€ +mey) - 68 Vb~ Hn,
s=1

tg

on ORY N Cy. The last two identities readily follow from (2.15) and the fact that i;(£ + meg) = 7;(£) on

cin 8Rf, for every k =1,...,N — 1 and for every j = 1,..., N. Taking into account the above identities
and (2.14), the pair (0, 7) satisfies:
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—HeSS(’LDi) : Vz/flvt@b_l — Vw; - Aw_l + V7. Vﬂp—l =Go; +0;G1 in ClJr,
Va : Vi~ =Gy in Cf, (2.16)
W-i=0, (F(D) 7)y= G2 on ORYNCy,

where

Go,i = =gk > (go™)i + Hess(Z;(§ + mey)) : 6fn(Vw_1Vtz/J_1) + VZ, (€ + mey) - 67’;A1p—1
+ 0;(VZ(€ + mey,) : 68 Vip™1) — VA(E + mey,) - 6% Vi1,
G1 =068 (¢1*) — VE(€ + mey,) : 68 Vi1,
N
Go =0, (G2") = | D_(VE(E +mex) - 65, Vip ™" + V(€ + mey) - 65, Vap™ )it

s=1 tg

Let us now estimate Gy ; in the L2(C;) norm. We have

||5k (go™)i ||L2(C+) < Clm|[|V(do )i||L2(c+) = C‘m|||(g~0*)i“H1(c+)7
[Hess(Z:(§ +mex)) : 05, (V' Vi) 12 ) < CIml||Z] g2 o)~
IVZi(& + mey) - 6 A1?71”1;2((,* < C(k, Q)|m|||Vzi||L2(C+)N,
18:(VZ(& + mex) : 05,V 0| 2oy < Clmll|2] gz oy

and
IVA(E +mex) - 65, Vo™ | paiery < ClmllIVAll 2oty
Therefore
1Gollsepy < Clml (gl v + Nzl + 1A z2(@)-
In the same way we can estimate G in H*(C;") from

165, (62 | 2 oy < Imlllg sz o

and we obtain
1G 1) < Clml (g3 ll2 oy + 12l 20y )-
Finally, for G5 we get

G2l 172 0ry nenyy < Clml(1132]l sz ary noy)~ + 12l ms/2ry ey~ )-

Then, using the definition of g (i = 0,1,2) given in (2.13) and the estimate (2.9) for the solutions of the
stationary problems (2.8) and (2.12), we obtain

1GollL2(cyn < Clml <H90||H1(Q)N +lg1llm o) + ||92HH1/2(3Q)N)7

Gl 1y < C\m|(||90||L2(Q)N + g1l r2(0) + H92||H1/2(8Q)N)
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and
1G2ll grr2oryneyy < Clml{llg2llgs20)y + 9ollL2@yy + g1z @) )-
¥

In consequence, the solution of (2.16) belongs to X; » x H'(C]") and satisfies
1852z oy + 185l s ey < Clml (llgollim @y + lgnllmecey + g2l o0y )
for k=1,...,N — 1. Taking m — 0, this implies (9}.Z, dh) € H*(C)N x H(C{) and
1062l 2y + ||3kBHH1(cl+) < Clllgollmr @y~ + g1l zz@) + 192l 32 oy v)

9%z, Oh .
3§N’3§—N> € H*(C}) x HYC) for every i = 1,..., N.

for 1 <k < N — 1. Now, we will prove that (
From (2.14) we have

agN‘ Oh 0ty

1 + ;o
+ Gen gn €HNCH), Vi=1N. (2.17)

al‘k

Then

L*(C)). (2.18)

0&n %% 0N N |2
(Z’axk’ > (Z 8§N 8x1> Z‘axl
On the other hand, from the divergence free condition (see (2.14)) we get

9% N _ 0%; O . 2( 1+
za&vaxl Z(za&a >+ G € HA(CY)

so that

Z g 52 ‘%f L2(CH). (2.19)

From (2.18) and (2.19), we obtain that

L*(CY)

and therefore h € H?(C;"). Coming back to (2.17) we obtain that

6%;:‘23:‘ Vi=1,...,N.

Therefore h € H?(C) and z € H3(C{ )N, so that (92, dxh) € H2(QNU)N x HY(QNU) for k=1,...,N
and we can conclude that (z,h) € H3(QNU)N x H*(QNU) for every U CC U with the estimate

121l g3 nayw + 1l 2 oniy < C(”goHHl(mU)N + 91l 2 onery + ||92||H3/2(am0)N)- (2.20)
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This, together with (2.10), gives the following estimate for the solution of the stationary system (2.7):

llull s (o)~ + 1101 2 ()

(2.21)
< C(Ifollr oy + el @y + 12l + 1Aull sz ooy )
Now, to estimate the term |u¢(t)[| g1 ()~ we multiply (2.4) by
8t(B(U,9)) =-V- Dut + V@t
and integrate in Q2. We get
1d 5
— | wV - Dugdx + | us - VOidr + % |B(u,0)|°de = | fo-VOidx— | foV - Dudx.
Q Q Q Q Q
Integrating by parts and using that fy belongs to W, we obtain
/|Vuf|2d:c+ f—/|B u, 0) |2dx7/uf (Duy - n)yydo
o0
= /Vfo - Vugdx — /fo - (Duy - n)gqdo.
Q o0

We use now (Duy - n)ig = Ofo — 0r(Au):

/|Vut| dx+2dt/\Bu 0)] da:—l—/at (Au) - updo

/Vfo Vutda:—l—/((')tfg utda—l—/at (Au) - foda—/atfg fodo,
oQ

for almost every ¢ € (0,7). Coming back to (2.21), we get

Ve aqapn + Iellpsia + 5 / B, )z + 012 0

< C (1ol + e Brsrsony + [Aulersionys + [ 004wl (2.22)

+ [1oanlifoldo + [ 100tz wldo + [ 1012 foldo + sl )
o0 oN oN

for almost every ¢t € (0,T).
In order to estimate the third term in (2.22) we use that

H32(6Q) - H2(8Q) ¢ H*?(0Q) continuously.
Then

||AU||H3/2 )N = CHAHH3/2(BQ NxN||U||H3/2 o)y = OHAH%S/?(E)Q)NXN||u||?'—]2(Q)N'
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From this estimate and (2.22) we obtain

VU7 oy + 1l 2 arsyny + 1B, )17 (2 (yvy + 10017220

< C(HfOHQLZ(Hl(Q)N) + | follZ2 sz oy + NAINL s (a2 o6y v <y [l F2 a2 gy vy

(2.23)
+ //(\&s(AU)l + 10 f2) (Juel + [ fol)dodt + | B(uo, 0(0))||72(qyv + ||Ut|\%z(Q)N>,
by
where 0(0) is defined (up to a constant) by
—A0(0)(-) = =V fo(-,0) in €,
90(0 (2.24)
( )() = Aug(-)-n+ fo(-,0)-n  on 9.
on
Now, we estimate the boundary terms in (2.23). First, we find
// 10 (Au) | (Jue| + |fol)dodt < Cs (| Al e sy el 72 gpw + 1AL Zaismywn [ullFoe a1 0yv))
by
+ 5(||ut||%2(H1(Q)N) + HfOH%P(Hl(Q)N))
for any § > 0. The second term can be estimated as follows:
/ 10 fol (Jue] + | fol)dodt < Csl|0cfall 72 g1z a0y + Swel e aryny + 1 foll 22 yv))-
b>
Putting together these estimates and (2.23) we can deduce
Hut”%Q(Hl(Q)N) + ||u||2LQ(H3(Q)N) + ||B(u79)||2L°°(L2(Q)N) 101172 1120
< C(llfellia(m(mw) 12T vy + 10ef2ll T2 12 o0y + 1B (w0, 0(0) 122 (g
(1 HAI g3/ 0y )+ 190Al gy + Al sy ) ||u|%1>.
Using (2.2) in order to estimate ||u|3, and elliptic estimates (2.24), we get
”utH%Z(Hl(Q)N) + ||UH%Z(H3(Q)N) + ”B(uve)”QLOO(LZ(Q)N) + HHH%Q(H?(Q)) (2.25)
2.25
< C(A)(”fO”%/l + ||f2H%2(H3/2(BQ)N) + ||atf2||i2(H1/2(8Q)N) + ||UOH%{3(Q)N)7
where
CcT| All2
C(4) = Ce“ 1M (1 Al1bo) (1 + 11 w1320y vy + 100 Ay + ATy ).

Step 2. Taking into account the previous step, we will prove that the weak solution (u,f) of (2.8) belongs
to H*(Q)N x H3(2) whenever

gs e HXQNU)N, gt e H3QNUy), g5e HY200nUy)Y, (2.26)
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also, 9 is a W% diffeomorphism. Here, we define
Xi={2eH}C)N :2=00n0C NRY, -7 =0o0n oRY NC}.
Let us prove that # satisfies 0% 2 € X; 3, fork = 1,..., N—1and |m| < d/2 (vecall that d = dist(dCy , dC;")),

where Z fulfills (2.14). We have the following estimates for Gp, G1 and Go (which were defined right after
(2.16)):

1Gollis ety < Clml (gl + Izlsn + VAl @)
1G lzaey < Clml (g3l @y + 12l mogoy)
and
1Gall /2 o ey < Clml (1331 sraom nons + 1] s/2(myney»)-
+ + +

Then, using (2.26) together with the definition of ¢ (i = 0,1,2) given in (2.13) and the estimate (2.25) for
the solutions of the stationary problems (2.8) and (2.12), we obtain

1Gollgzseyx < Clmi(llgoll oy + lgillizc@) + llgallmarz oo )
1G s ey < Clml (llgoll 2y + llgall ey + lgallzs/2omy )
and
||G2||H3/2(8R£mcl)fv < C|m|<||90HH1(Q)N + [lg1ll2(0) + Hg2||H5/2(BQ)N)~
In consequence, (6% 2,6% h) € X1 3 x H*(C;") and
1052l s ey + 108 Rl gz ey < Clmi (llgoll 2y + llga sy + lgzlms 2oov)

fork=1,...,N —1.
Arguing now as in Step 1, we find

ull ey~ + [l Es@) < C(H90||H2(Q)N + g1l ms (o) + lg2ll sz a0y~ )- (2.27)
From (2.27) we obtain the estimate for the solution of the stationary system (2.7):

Nl e yy + 101 3 (0) < C(||f0||H2(Q)N + luell g2~ + 1 f2ll msr200)y + ||Au||H5/2(8Q)N)7 (2.28)

for almost every t € (0,7T). Now, in order to estimate the second term of the right-hand side of (2.28), we
consider the system satisfied by (9,u, 9,0) (see (2.4)):

O(uy) — V- (Duy) + VO = Ot fo in  Q,

V-u; =0 in @, (2.29)
u-n =0, (o(ut, 0;) - n)g + (Aug)eg = Orfo — (Ayu)ygy  on X, ’
uy(+,0) = V - Dug(-) — VO(-,0) + fo(-,0) in Q.
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In virtue of Lemma 2.1 we have that (uq, ;) is the strong solution of (2.29). Furthermore, we get u; € Y3
and

CTlAlpg

[uellv, <e I+ HA”?DQ)(”athHL?(Q)N + [ follzoe )y + 10 f2ll L2 (172 00y ™)

+ |0 follgrrate (= )y + [ Avull gr/ave (- @)vy (2.30)

+ [[Avull 2 (172 00)v) + ||UOHH3(SZ)N0W)-
Therefore, from (2.28) and (2.30) we obtain

Nwellyy + llullL2many + 11012223 @)

2
< (Ol

L A1) (Ifoll 2y + 10 foll 2@y + 1 f2llza e oy s

+ 10 fall L2z o0yvy + 10 fell grivave (- yvy + 1 Asull gr/ase (- @)vy

+ | Acull L2 ar/200)v) + |Aul| L2 (a5/200) ) + HUOHHs(Q)NmW)-
Finally, we estimate || Ayul|p2gi/200)v), [[Asull grsave g-= )~y and [|Aul|p2gs/290)~) by:
|Atull 22 00)v) < CllAell 2 (172 00) % <y [[ull oo (712 (0) ™)
||Atu||H1/4+e(H—s(Q)N) < C||AtHH1/4+€(L2(SQ)N><N) (HU||L2(H3(Q)N) + ||U||H1(H1(Q)N)>
and
| Aull 2 (g5 /200y v) < C<||A||L°°(H3/2(6Q)N><N)||UHL2(H3(Q)N) + ”A”L?(HS/?(SQ)NXN)||UHL°C(H2(Q)N)>~

Using (2.25), (2.31) and the previous estimates, we find the desired estimate (2.5). This concludes the proof
of Theorem 2.1. O

3. Carleman inequality for the adjoint system

In this section we will mainly prove a Carleman estimate for the adjoint system of (1.3). In order to do
so, we are going to introduce some weight functions. Let wy be a nonempty open subset of RY such that
Wy € w; €w' € w and n € C?(Q) such that

|Vn| >0in Q\wy, n>0in Q and 5 =0 on 9.

The existence of such a function 7 is proved in [15]. Then, for all A > 1 we consider the following weight

functions:
62>‘H77Hoo _ ekn(ﬂc) e>\77(96)
0=y SO G
o' (t) =maxa(z,t),  &(t) =miné(z,1), (3.1)
zeN TeQ
a(t) =mina(z,t),  £(t) = max&(z,1).
zeQ e
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We consider now a backwards nonhomogeneous system associated to the Stokes equation:

—pr—V - (Dp)+Vr=g in Q,

V-p=0 in Q, (3.2)
p-n=0,(c0(p,m) n)g+ (A'(z,1)p)tg =0 on X, .
¢(T) =" () in  Q

where g € L?(Q)Y and ¢T € H. Our Carleman estimate is given in the following proposition.

Proposition 3.1. Let A € P! N P2 There exists a constant \g, such that for any A > X\ there exist two
constants C(X) > 0 increasing on || Al pinp2 and so(X) > 0 such that for anyi € {1,...,N}, any g € L*(Q)N
and any ¢* € H, the solution of (3.2) satisfies

83//6_68a*(f*)3|g0|2d$dt
Q
// —4sa™ |g| dxdt—l—s7 Z // —4s&—2sa™ )12|(‘0j| d.fl?dt)

J=1j#iy o
for every s > sg.

Before giving the proof of Proposition 3.1, we present some technical results. We first present a Carleman
inequality proved in [12] for a general heat equation with Fourier boundary conditions. To this end, let us
introduce the system

=AY =fi+V-fy in Q,
(Vi + f2) n=fs on %, (3.4)
1/1(,T) = Q/JT() in Qa

where f1 € L?(Q), fo € L*(Q)Y and f3 € L?(X). We present now this result:

Lemma 3.1. Under the previous assumptions on f1, fa and fs, there exist X\,01, 09 and C, only depending
on Q and w, such that, for any X\ > X, any s > 5 = 01(e?> T +T?) and any vT € L*(Q), the weak solution
to (3.4) satisfies

// e (SAZE VY| + sATE3op |2 dwdt + s2N\3 // e 2522 dodt
Q )

o( // 20 (|12 + 2AZE2| fo?)dudt (3.5)
Q

+ s\ // e~ 250 | f3 [2dodt + s3 At // e*2sa§3\¢|2dxdt).
b

w1 X (O,T)

The next lemma is a result for elliptic equations with non homogeneous boundary condition that can be
found in [18] (see also [11]).
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Lemma 3.2. Let y € HY(Q) satisfy

0
Ay—fo—i-zaf nQ; y=g, ondQ,
j

with fo, f; € L*(Q) and g € H/?(9Q). Then there exist three constants C > 0, X\ > 1 and # > 1 such that
for any A > \ and any T > T, we have

/|Vy|2€2're)‘"dx 4 72)2 /62)‘"|y|26276de
Q Q

An
< C(P 2 gl siomy + 7R [ o (3.6)
Q

N
£ or [l an s [Vl + ey ).
j=0 O

w1

Remark 3.1. We can eliminate the local integral of [Vy|? in (3.6) at the price of having a local term of |y|?
in a open set wy satisfying w; € we € w’. For these details, we invite to the interested reader to see [11].

The next technical result corresponds to the Lemma 3 in [6].

Lemma 3.3. Let r € R. There exists C > 0 depending only on r,Q,wq and n such that, for every T > 0 and
every u € L*(0,T; H'(2)),

$2)2 // =250+ 2|y 2t < C( // e~ 25T |Vy2dwdt + s2)? // 6_28“§T+2|u|2dxdt), (3.7)
Q Q wo X (0,T)
foe every A > C and every s > CT?2.

Remark 3.2. In [6], [12] and [18] slightly different weight functions are used to prove the above results.
However, this does not change the result since the important property is that « goes to +0o when ¢ tends
to 0 and T.

We will now prove Proposition 3.1. Without any lack of generality, we treat the case N = 2 and i = 2.
The arguments can be easily extended to the general case. Let us introduce (w, q) and (z,r), the solutions
of the following systems:

—wy — V- (Dw) + Vg = pg in  Q,
V-w=0 in  Q, (3.8)
w-n=0, (c(w,q) n)y + (A'(z,t)w)yy =0 on I, ’
w(-, T) =0 n oo
and
-2 =V (Dz)+Vr=—py in  Q,
V-z=0 in @, (3.9)
z-n=0,(c(z,7) - n)g + (A(z,t)2)1y =0 on X, '
z(,T)=0 in
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where p(t) = e=2%". Adding (3.8) and (3.9), we see that (w + z,q + r) solves the same system as (pg, pr),
where (p, ) is the solution of (3.2). By uniqueness of the Stokes system with Navier-slip boundary condi-
tions, we have
pp=w+z and pwm=q-+r. (3.10)
For system (3.8) we will use Lemma 2.1 and the regularity estimate (2.2), namely
”w”%2(0,T;H2(Q)2) + HwH%ﬂ(o,T;H(Q)Z) < C”ng%Z(Q)?a (3.11)

and for the system (3.9) we will use the ideas of [4] and [6].
We apply the operator V to the equation satisfied by z; and we denote 1) := Vz;. Then 1) satisfies

—thy — Ap = =V (p'p1) — Voir in Q.

Using Lemma 3.1 with f; = =V (p'¢1) — VO1r and fa = 0, we obtain

T
53 // e~ 250312 ddt < 0(33 / / e~ 25031 2 ddt
Q 0 wi
+S//672sa§
>

for every A > X and s > 55. Here and in the following, C' will denote a generic constant depending on €, w
and A.
The rest of the proof is divided in three steps.

(3.12)

2
%‘ dadt+//e*2sa\wp’gp1)+va1r|2dxdt)
on
Q

a) In step 1, using Lemma 3.3 we estimate global integrals of z; and z5. In addition, we partially estimate
the pressure in the right-side of (3.12).

b) In step 2, we will estimate the normal derivative appearing in the right-hand side of (3.12) and the
global term of the pressure obtained in step 1.

¢) In step 3, we will estimate all the local terms by a local term of ¢;.

Step 1. Estimate of z;. We use Lemma 3.3 with u = Vz; and r = 3:

T
85//6_2sa§5|21|2dxdt < C(ss//e_23a53|z/}|2dxdt+35//6_28a§5|z1|2dxdt) (3.13)
Q Q

0 wo

for every s > C.
Estimate of zo. Let us first establish a general estimate: Ve’ > 0, 3C € R:

ull grrz+e @2amy < Clluallzz) + lvi nallrzo0) + 101wl g-12(0)) < Cllutl gr/2se o), Yu € W (3.14)

Indeed, for any f € H. := H'/2+<'(Q)2 N H, we have (after an integration by parts)

/u~fdx:/ulflda:—/u1n1f2d0+/61u1f2d17, (315)
Q Q Q

1519}
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where f, € H'/2+<'(Q) satisfies

Oof = f2 ae. Q and || foll grajzser ) < Cllfallgrseser oy < Clflla,-

Then, from (3.15), we readily obtain (3.14).
Let us now apply (3.14) for u := z. We deduce

Ve' > 0,3C €R: |2ll,y < Cllztllgorer @y,

so that, using that H'/2+<'(Q) is the interpolation space (H'(Q), L2 ()1/24e,2, we find

T
/ o2 ()22, vt < O // e‘m*(f*)3(s2(£*>2\zll2+|V21|2)dwdt-
0 Q

Putting together (3.12), (3.13) and (3.16) we have for the moment

85//6_25a55|21|2d$dt+84_26l
Q

T
// T2 2|2 + 33|V 2 |?)dadt
0

w1

+sg/62w§

Ot~

€—2sa* (f*)4_25,||z||?H5/),dt+33//6_25a§3|1/)|2dmdt
Q

6v21 2
on

dodt + // e YV (p 1) + V81r|2da:dt>
Q

for every s > C.
Taking into account that

| < CE)™*M, o] < Csp(er)™/M

and (3.10), we obtain

// &2 |V (o) Pt = // &2l 2| 2|V (g ) Peedt
Q Q
32//e‘zsa(g*)24/“|Vw1\2+52//6_250‘(5*)24/“|Vzl|2d:rdt).
Q Q
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(3.16)

(3.17)

(3.18)

(3.19)

The fact that s?e=25%" (€*)24/11 is bounded allows us to estimate the first term in the right-hand side of
(3.19) using (3.11). On the other hand, the second term in the right-hand side of (3.19) can be absorbed by

the third term in the left-hand side of (3.17).
Additionally, using the divergence-free condition on the equation of (3.9), we see that

Ar=0 inQ,
then

A(VOr) =0 in Q.
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Using Lemma 3.2 with y = VO;r and Remark 3.1 we obtain

72 /62)"7|V81r|26276de < C<T1/2€2T||va17"||§{1/2(39) +T2/62/\W‘V81T‘262T6)\"d$>

Q wa

for every 7 > C'. Now we take

s
TR
multiply the last inequality by
e2Mmlls
exp(—2sm),

and integrate with respect to ¢ in (0,7) to obtain

T

// —259\ g9y r|?dadt < c —3/2/6—2w )2V 2 9y +// T2 E2|7 9| dmdt)
0 0 wa

for all s > C.
Combining this with (3.17) and (3.19), we have for the moment

T

85/6_28a65|21‘2d$dt+84_26 /6—2804 4 2’ ||Z||2H )/dt+8 // 280{53|vz ‘ d.’l?dt
Q
T

0
<C(||P9||2L2(Q)2 + 3//672&“5 dodt + s~ 3/2/67250‘ )2V 0|32 oy (3.20)
b 0

T T
+//6_250‘52\V81r\2dxdt+//6_230‘(35§5|zl\2+53§3|Vz1|2)dxdt),
0 wsy 0 wi

for every s > C.

6v21
on

Step 2. In this step we deal with the boundary terms in (3.20), i.e

Jom

P

3Vz1

T
dodt and s 3/2/6*2“Y )2V 0|31 2 oy -
0

Let us start by defining
2:=0(t)z, Fi=0()r, (1) = s e ()10

From (3.9), we see that (Z,7) is the solution of the Stokes system:

—% — V- (D3) 4+ Vi=—(0)z—0p¢ in Q,
V-2=0 n  Q,

3.21
2:n=0,(0(%,7) n)y+ (AYz,t)2)1y, =0 on X, (3.21)
3, T)=0 in Q.

Please cite this article in press as: S. Guerrero, C. Montoya, Local null controllability of the N-dimensional Navier—Stokes
system with nonlinear Navier-slip boundary conditions and N — 1 scalar controls, J. Math. Pures Appl. (2018),
https://doi.org/10.1016/j.matpur.2018.03.004




MATPUR:2986

S. Guerrero, C. Montoya / J. Math. Pures Appl. sss (ssee) see—see 19

For this system, we have

Hélliz(O’T;Ha/zfa/(Qy) < C(Hs2_E e_sa* (5*)2_6 ZHiZ(O,T;(HE/)’) + “826_806* (6*)2p§0“%2(Q)2)

, . , . (3.22)
< C(HSQiE e~ 5 (f*)Q*ﬁ Z||2LZ(O,T;(H£/)') + “5267504 (f*)Qw“%?(Q)Q)

Observe that this inequality comes from Lemma 2.1 with a right-hand side in the interpolation space ([20])
(L2(0, T3 W), L2(@Q))1/24er,2 = L*(0, T3 (Har) ).

The fact that s3/2e=5" (¢*)3/2 is bounded allows us to use (3.11) and conclude that Hé||i2(0)T;H3/2_E,(Q)2)
is bounded by the left-hand side of (3.20) and ||pg||2L2(Q)2. Using that

L} Q)% = ((HE’),v o3/ (0)?)3/4—cr /2,2,

we deduce that s7/273¢"||e—se” &* T/4=3€"/2, 2,y is bounded by the left-hand side of (3.20) and
L2(Q)
||pg||%2(Q)2. Taking &’ > 0 small enough, we deduce in particular that

s3ﬂe—23a*(£*)3|z|2d$dt

Q

is bounded by the left-hand side of (3.20) and ||p9||2L2(Q)2'
Next, we define

2 =0 )z, =0 (), 0F(t) := sM/ e (£4)/22,

From (3.9), we see that (z*,7*) is the solution of (3.21) with 6§ replaced by #*. Using again (2.2) and taking
into account (3.18), we deduce

”Z*H2L2(0,T;H2(Q)2)0H1(O,T;L2(9)2) + HT*H%Z(O,T;Hl(Q)) + ||0*Zt||2L2(O,T;L2(Q)2)

: : (3.23)
<O (Jls™2e7 (€ 22l gpe + 1527 (€ 2wl a2 ).
Arguing as before, we conclude that ||z*H%Q(O’T;Hg(mg)mm(OVT;LQ(Q)Z) is bounded by the left-hand side of

(3.20) and [|pg22 -
Now, let

2= é(t)z, P o= é(t)r, 0= 871/267804*(6*)715/22.

From (3.9), (2,7) is the solution of (3.21) with 6 replaced by . Observe that the right-hand side of this
system can be considered in L?(0,T; H?(2)?) N H'(0,T; L*(Q)?) and thus, using the regularity estimate
(2.5) we have

A2 A2
HZHL2(0,T;H4(Q)2)0H1(o,T;Hz(Q)Z)mH?(o,T;L?(Q)?) + ||T||L2(0,T;H3(Q))
) 2 ) 2
< C(”0/2HL2(07T;H2(Q)2)OH1(O7T;L2(Q)2) + ||90'S0||L2(0,T;H2(Q)2)0H1(o,T;L2(Q)2)) (3.24)
SC(||PQ||2L2(Q)2 F 12172 0,722 + 0% 26172 0,72 (02) + |s%/2e=> (5*)3/22||2L2(Q)2>-
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From (3.23), the right-hand side of (3.24) is bounded by
Is*/ 272 (€)% 2] Fa (g2 and  lpgllZz(q)e-

Coming back to (3.20), we find in particular

// “20E0 2 P dadt + 5 // 7207 (£%)3| 2o *dxdt + || 2* 122 (0.7 52 ()2 B2 (0,712 (00)2)

120220, 7,m8 02y w207 220)2) F+ 1T 20,7202

C(logllaqr +5 [ 2
2

T T
Jr//6723a52|V817’|2d:€dt+//67256‘(5555\21?+53§3|V21|2)dxdt).
0 wo 0 wi

(3.25)

T

OVzy |2 — —2sa™ (¥ —

Wl‘ dodt + s 3/2/6 #aT(gY) 3/2\|V51T||?11/2(69)dt
0

Observe that the boundary term

T
8—3/2/6—290/ 3/2||V81THH1/2 (‘)Q)dt
0

can be absorbed by the fifth term of the left-hand side of (3.25).
In order to estimate the other boundary term, we notice that « and £ coincide with o* and £* respectively
on Y, so that

s // e 2o

b

T
« | OV 2z |2 st ek
* Wl‘ dodt < Cs/e 2 e 21l Es 2o (At (3.26)
0

2
&’ dadt:s//e
on
>

1
for every ¢ > 0. Taking e = — (any 0 < ¢ < % would work) and thanks to an interpolation argument
between the spaces L?(L?) and L?(H*), we obtain

T

843/35 /6_2sa*§*||le|?'_188/35(gl)dt
0
T T
O(s [ e € arlaoptt + 571 [ e € e o ),
0 0

for every s > C. Coming back to (3.26) and using the above inequality, the boundary term

s // e—23a
b

can be absorbed by the left-hand side of (3.25). This ends Step 2.

8Vz1

‘ddt
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Thus, at this point we have

55//6_280‘§5|21\2dxdt+s3//6_25“*(5*)3|22|2dmdt
Q Q

+ H92”2L2(0,T;H4(Q)2)0H2(0,T;L2(9)2) + ”0*2H%z(O,T;HQ(Q)z)ﬁHl(O,T;L2(Q)2) (3.27)
T T

< C(||ng%2(Q)2 +//e_28a§2|valr|2dxdt+//6_280‘(35§5|zl|2+33§3|Vz1|2)dxdt)
0 w2 0 w1

for every s > C.

Step 3. In this step, we estimate the local term on Vi in the right-hand side of (3.27). The other two
local terms can be estimated in an easier way.

Let w3 be a open subset satisfying ws € w3 € w’ and let p; € C%(w3) with p1 = 1 in we and p; > 0.
Then, integrating by parts and using that Ar = 0 we get

T T
//e‘25a£2|V81r\2dxdt§ C//A(ple_28a52)|81r\2dxdt.
0 w2 0 ws

From (3.9) and the estimate
|A(p1€_28a§2)| S 0826_28a€41w3, s 2 C,

we obtain
T T
//e*mg?walrﬁdxdt < 032//e*28a§4(|z1,t|2 + Az + |01 [*)dadt (3.28)
0 wo 0 ws

for every s > C. We will now estimate the two first terms in the last integral of (3.28), the third one being
estimated in an easier way.

i) Estimate of z; ;. We integrate by parts with respect to ¢:

T T T
2
S
52//6725a£4|21,t|2dxdt: E//att(€728a§4)‘21|2d$dt—82//6728a§421,tt21d$dt
0 ws 0 ws 0 w3

T T
< C<S4 //672”(5)68/11|z1|2dxdt + 52 //é|217tt|é71€728a§4‘21|dl’dt),
0 ws 0 ws

where we recall that § := s=1/2e=507 (¢%)=15/22,

Using Young’s inequality for the second term we obtain for every € > 0

T
52//6_250‘£4|211t|2dxdt
0 ws

T T T (329)
gc(;‘//6*28a§7|zl|2dzdt+s//|é|2|zl,tt|2dxdt+0(e)s5//e*4m+28a*§10|21\2d:¢dt).
0 w3 0 w3 0 wsg

Please cite this article in press as: S. Guerrero, C. Montoya, Local null controllability of the N-dimensional Navier—Stokes
system with nonlinear Navier-slip boundary conditions and N — 1 scalar controls, J. Math. Pures Appl. (2018),
https://doi.org/10.1016/j.matpur.2018.03.004




MATPUR:2986

22 S. Guerrero, C. Montoya / J. Math. Pures Appl. sss (ssee) see—see

The second term in the right-hand side of the above inequality can be absorbed by the left-hand side
of (3.27).

ii) Estimate of Azj. Let w4 be an open subset such that wz € wy € w’ and let py € C?(wy4) with py = 1
in w3 and py > 0. Then, an integration by parts gives

T T
82//67280554‘A21|2d(£dt < 52//p§6725a€4|A21|2d:Cdt
0 ws 0 wa

T T
=— g2 //V(p%eﬂmfl) V2 Azydzdt — s //p%e”m{‘lVAzl - Vzidxdt.
0 w4y 0

wa
Using the estimate
[V(p3e™>%¢h)| < Cse 2% py, 5> C,

and again Young’s inequality for the first term, we obtain

T
82//6728af4|A21|2d$dt
0 ws

- T (3.30)
§0(54//e_25a£6|v,21\2dxdt—32//p§e_250‘§4VA21-Vzldxdt)
0 wsy 0 wa

Iy Iz

for every s > C.
Now, to estimate I; we consider ws an open subset such that wy € ws C w’ and p3 € C’f(w5) with

p3 =1 in wy and p3 > 0. Then

T
L < 84//p3672m§6|v,21\2da:dt
0 ws

T T
SC(SG//6_280‘§8|z1\2dmdt+84//p3e_28a§6|Az1||zl\dxdt)

0 ws 0 ws

T T
:C’(SG//6_25“£8|zl\2dxdt+s4//p39*\Azl|e_2sa(9*)_1§6|zl|d:rdt>,

0 ws 0 ws

for every s > C. We recall that 6* := s'/2e=5" (£+)9/22,
Using Young’s inequality for the second term we obtain for every € > 0:

T T T
I < (36//67250‘§8|z1\2da:dt+5//\0*Az1|2dxdt—|—0(5)57//674S°‘+2m*§12|zl|2dxd), (3.31)
0 ws 0 ws 0 ws

for every s > C. The second term in the right-hand side of the above inequality can be absorbed by the
left-hand side of (3.27).
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Now we estimate I>. An integration by parts gives

0 wg

T T
I, < 0(53//6_25af5|VA21HZl|dl’dt+82//6_2sa£4|A221||21|d$dt).
0 wg

Using again the Young’s inequality, we obtain by an analogous argument the estimate:

T
o < C (el 3 piscuny + CE)s° [ [ e bmt2ee 0] Panat), (3:32)
0 wy

for every e > 0 and s > C. The first term in the right-hand side of (3.32) can be absorbed by the
left-hand side of (3.27).

Finally, using the definition of the weight functions and (3.11), we readily obtain

T
87//674sa+2sa*€12|zl|2dxdt
0 ws

T T
< 257 / / oA 20T (Y2012, 2t 4 257 / / e A (&) 12 [ dadt
0 ws

0 ws

T
S287//6_48d+2m*(5)12\/)\2Is01\2dxdt+C||P§/||%2<Q)2~

0 ws

From (3.27) and (3.28)—(3.32), we conclude the proof of Proposition 3.1.

4. Null controllability of the linear system

Here we are concerned with the null controllability of the following system:

Yy — V- (Dy) + Vp=h+vxe in  Q,
V-y=0 in Q, (4.1)
y-n=0, (U(y,p) ) n)tg + (A(wvt)y)tg =0 on X,
y(-,0) = yo() in  Q,

where yo € W, h is in an appropriate weighted space. We look for a control v € L2(0,T; H?(w)™) N
H'Y(0,T; L?(w)") such that v; =0 for some i € {1,..., N}.

To do this, let us first state a Carleman inequality with weight functions not vanishing in ¢ = 0.

Let ¢ € C%([0,T)) be a positive function in [0,T) such that ¢(t) > t(T — t) for all t € [0,T/4] and
Lt)=t(T —t) for all t € [T/2,T).

Now, we introduce the following weight functions:

62>‘H77”oo — e>\77($) e)\ﬂ(ﬁc)
B(xvt):W7 ’Y(xvt)ng(t)ﬂ
B*(t) = max f(z, t), 7*(t) = miny(z, t), (4.2)
z€eQ e
B(t) = min Bz, 1), 7(t) = maxy(z, ).
zEQ e
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Lemma 4.1. Let i € {1,...,N} and let s and X be like in Proposition 5.1. Then, there exists a constant
C >0 (depending on s and X and increasing on ||A||pinp2) such that every solution ¢ of (3.2) satisfies:

100 0) 20y + // 5 (4ol dadt
Q

(4.3)

N
C(//6_4SB*|Q|2d(Edt+ Z
Q

=1

T
//6_45’6_2Sﬁ*(’7)12|Xw§0j|2dwdt)'
0 w

Proof. We start by an a priori estimate for the Stokes system (3.2). To do this, we introduce a function
v € C([0,T]) such that
v=1 in[0,7/2], v=0 in [3T/4,T].

We easily see that (v, vr) satisfies

—(1/<p)t -V -(Drp)+V(vr)=vg—1'p in  Q,
(wp) n=0, (c(ve,vm) n)yy + (A (x, t)re)yy =0 on X,
(ve)(T) =0 in Q.
Using (2.2) we have in particular
el 20,7722~ + 1o, 0) [ 2 (@)~
CT|A|l2
<Ce 4Tz (1 + ||A||§Dg) (H9||L2(o,3T/4;L2(Q)N) + ||90||Lz(T/z,sT/4;L2(Q)N))~
Taking into account that
e >0 >0t e[0,37/4] and e %7 ()3 >C >0, vt e [T/2,3T/4],
we have
T/2
[ [ @t + o 0)
0 Q A
3T/4 3T/4 (4.5)
2 . .
< 0T IAlR (1 + ||A||§350) ( / /e_4sﬂ lg|*dxdt + / /6_685 ('7*)3|g0|2dxdt>.
0 Q T/2 Q

Note that, since « = § in Q x (T'/2,T), we have:

T
//6_655*( 3 p|Pdaxdt = // —6sa” (£%)3| | 2 dadt
T/2 Q T/2 O

and by virtue of Carleman inequality (3.3) (see Proposition 3.1), we obtain

// 6587 ()3 o] dxdt<0 // —407 g 2 dadt + Z // Asa2s0” )12|gp|da:dt)

T/2 Q Jj= 11.7?67
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Since £(t) = t(T —t) for any ¢ € [T/2,T] and
e 4" > and 6_48*&*_256*(’7)12 >C in[0,7/2],

we readily get

T N T
/ / e*“ﬁ*w*)ﬂsoﬁdxdtéc(// e gPdudt + / eTABBE ()12 o Pdedt). (4.6)
T/2 Q 0 J=LIFLY W

From (4.5) and (4.6) we obtain (4.3). O

Remark 4.1. Observe that on the left-hand side of (4.3) it is possible to put the terms

™% (7)) 220l T2 0 7, 11205 ) +//G_GSB*(7*)9/11|s0t|2d$dt- (4.7)
Q

To this end, we consider § := e=3%%" (v*)9/22 and (¢, fr) the solution of (4.4) with # instead of v. Next,
taking into account that |9;3*| < C(v*)'¥/M, |§'] < Ce=3%F"(4*)3/2 and the regularity estimate (2.2), we
obtain (4.7).

Now we are ready to prove the null controllability of system (4.1). The idea is to look for a solution in

an appropriate weighted functional space. Let us set
Ly=y:—V-Dy
and let us introduce the space, for N =2or N =3 and i € {1,..., N},
By ={(y.p.v) : 7y, e>77 (5) 00, po € LAQ)Y, pv € L(0,T: HXQ)Y),
v; = 0, suppv C w x (0,T), €27 (v*) 712y e vy, €38 ()73 (Ly + Vp — vxw) € L2 Q)N },
where
p = e 4sB—298" ()2 and j:=p 6.
It is clear that E% is a Banach space for the following norm:

||(yap,v)||E;\, = (||3256 yH%%Q)N + ||62sﬁ+56 (’7)_61)“%2(Q)N + Hﬁatv”%Q(Q)

—12/11

+116vl72 00,7312 ) + €27 (%) yll%,

* 1/2
17 ()2 (Ly + Vb — vx) 32w )

Remark 4.2. Observe in particular that (y,p,v) € E% implies y(-,7) = 0 in .
Proposition 4.1. Assume the hypothesis of Lemma /.1 and

yo €W and €7 (v*)732h e L2(Q)N. (4.8)
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Then, we can find a control v such that the associated solution (y,p) to (4.1) satisfies (y,p,v) € EX. In
particular, v; = 0 and y(-,T) = 0 in Q2. Furthermore, there exists C > 0 increasing with respect to ||Al| p1p2
such that

vl 20,752 (w)~) + IVl E10,7522 )~y < C(||yo||H3(sz)NmW + HhHLZ(Q)N) (4.9)

N+1

Proof. Following the arguments in [11], we introduce the space Py of functions (¢, 7) € C?(Q) such

that

(i) V-¢o=01in Q.
(ii) (o(p,m) n)g + (A (x,t)p)ty = 0 on .
(iii) ¢ -n=0o0n X.

Also we define the bilinear form

a((¢, %), (w,q)) := //e“‘sﬁ* (L*¢ + V#)(L*w + Vq)dadt
Q
N T
+ Z /6_453_25[3*(’y)HXMQZijwjdxdt,
j=lgtiy
for every (w, q) € Py, and a linear form

(G, (w,q)) :://h~wdxdt+!y0(') ~w(-,0)dx, (4.10)

Q

where L* is the adjoint operator of L, i.e.,
L*w = —w; — V- Dw.

Observe that Carleman inequality (4.3) holds for all (w, q) € Py. Consequently,

//e—ﬁsﬁ*('y*)B\w|2dxdt < Ca((w,q), (w,q)), Y(w,q) € Po.
Q

Therefore, a(-,) : Py x Py — R is a symmetric, definite positive bilinear form on Py. We denote by P the
completion of Py for the norm induced by a(,-). Then, a(,-) is well-defined, continuous and again definite
positive on P. Furthermore, in view of the Carleman inequality (4.3) and the assumption (4.8), the linear
form (w, q) — (G, (w, q)) is well-defined and continuous on P. Hence, from Lax—Milgram’s Lemma, there
exists one and only one ($,#) € P satisfying:

a((@v ﬁ)v (wa Q)) - <G7 (wa Q)>a v(wch €P. (411)

Let us set

g=e " (L*¢p+V7) inQ,
) (4.12)
“ —45B—25B* /212 ~ . oA s
;= —e sB=2557 (%) $jXw, JF 14, 0, =0inw x (0,7).
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Let us remark that (g, 0) verifies

N T
a(($,7), (¢, 7)) = // e (LG + Vi) Pdedt + Y / / e B2 ()12 o P dadt
0 w

0 j=1.j#i

// 20 g dwdt + Z // AsB+2sp”( )7 2|0;]2dadt < +oo.

J=lg#iy

Let us prove that § is, together with some pressure p, the weak solution of the Stokes system in (4.1) for
v = 9. In fact, we introduce the (weak) solution (g, p) to the Stokes system:

Lj+ VP =h+ dxe nQ,
vog=o ) Q. (4.13)
y-n= Oa (0(y7p) : n)tg + (A(xvt)y)tg =0 on Za
g(ao) = yO(‘) in Q.

Clearly, ¢ is the unique solution of (4.13) defined by transposition. This means that ¢ is the unique function
in L2(Q)" satisfying

//g]-gdazdtz/yo(‘)'w(-,O)dx+//h~wdacdt—i—//ﬁ-wxw dzdt, Vg e L*(Q)Y, (4.14)

Q Q Q Q

where w is, together with a pressure ¢, the solution to

L*w+Vqg=g in  Q,
V-w=0 in Q,

n=0,(c(w,q) n)g+ (A'(z,t)w)y =0 on I,
w( T)=0 in Q.

From (4.11) and (4.12), we see that § also satisfies (4.14). Consequently, § = ¢ and § is, together with p = p,
the weak solution to the Stokes system (4.13).
Finally, we must see that (9, p,0) € E%. We already know that

ezsﬁ*g, 623[73—0—5&*(,7)—6,0 c L2(Q)N
and (see (4.8))
e () (LY + VP — Dxw) € LAQY
Thus, it only remains to check that
2 ()M ey and  poe L2(0,T; H2(w)N) N HY(0,T; L (w)N).
i) We define the functions

* . e2sﬁ ( —12/11 4 * . e2sﬁ ( —12/11

* *

y 7) g, »p 7) P
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and
B = 625ﬁ*(7*)_12/11(h+@Xu})-

Then (y*, p*) satisfies:

Ly* + Vp* = h* + (6255* (,}/*)712/11)/@ in Q,
V-y*=0 in  Q,
y*-n=0, (cly*,p*) - n)g + (A(z,t)y* )iy =0 on X,
y*(-,0) = €277 O (57(0)) 712/ yq () in Q.

Since h* + (257" (y*)~12/11)'j € L2(Q)N and yo € W, we have y* € Y] (see Lemma 2.1 in Section 2).
ii) Now, let us bound the H*(0,T; L?(w)") and the L?(0,T; H?(w)™) norms of the control. Using (4.12),
we obtain

77106051172y + 19511 Fr2 oy dcdlt

(//efﬁsﬂ*@*)ﬂ@jﬁdxdt‘i'//§2|3t@j|2d$df+ Hé@J'”QL?(QT;H?(Q)))'
Q

Taking into account that (4.3) and Remark 4.1 hold for all (¢, #) € Py, we readily obtain
N T
Y| AP0 + 1101172 )dadt < Cal($,7), (£, 7)). (4.15)
0

J=1j#i

Finally, from the continuity of G (see (4.10)) and (4.11), we deduce (4.9). This ends the proof of Proposi-
tion 4.1. O

5. Proof of the main result

In this section we give the proof of Theorem 1.1 using classical arguments. The first step is to apply
Kakutani’s fixed point theorem on the boundary. Finally, we will deal with the nonlinear term in the
Navier—Stokes equations through an inverse mapping theorem to conclude the proof of Theorem 1.1.

5.1. Nonlinearity on the boundary conditions

In this section we present the local null controllability for the following system:

ye — V- (Dy) +Vp=h+vxe in  Q,

V-y=0 in Q, (5.1)
y-n=0, (U(y,p) : n)tg + (f(y))tg =0 on %, '
y(-,0) = yo(") in Q.

Theorem 5.1. Let us assume that f € CHRY;RY) and f(0) = 0. Then, for every T > 0, w C Q and
i €{1,...,N}, there exists § > 0 such that, for every yo € H*(Q)NNW, h € Y1 satisfying e>**" (v*)=3/2h €
LA(Q)N,
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Allv: + llvollms@yvaw <6 (5.2)
and the compatibility condition (1.2), we can find a control
ve L0,T; H*(w)N)n HY(0,T; L*(w)N)
and an associated solution (y,p) of (5.1) satisfying y € Ya and such that (y,p,v) € EY;.

Proof. For every z € Z. (recall that Z. was defined in (1.4)) we consider the following system:

Yy — V- (Dy) +Vp=h+vxe in  Q,
V-y=0 in Q, (5.3)
y-n=0, (U(yap) ) n)tg + (g(z)y)tg =0 on %, .
y(vo) = yO() in Qa
where
1
g(z) = %/Vf(TZ)dT.
0

On the other hand, observe that since f € C*(R™;RY), each row and each column of g(z) belongs to Z..
Then, for every z € Z. we can use Proposition 4.1 with A = g(z) and deduce the existence of a con-
trol v, belonging to L%(0,7T; H?(w)N) N H(0,T; L?(w)") such that the solution (y.,p.) of (5.3) satisfies

(ympzﬂ]z) € E}V
Moreover, from (4.9) we have

vzl 20,1312 () V) + V21 0,75 02 (@0)Y) < C1(,w, T, ||g(2)||Png2)(||yo||H3(Q)NmW + HhHLz(Q)N)» (5.4)

where C is increasing with respect to [|g(z)||prnp2-

Next, taking into account that v,, h € Y} and the compatibility condition (2.3) with ug replaced by o,
A(-,0) replaced by g(yo(+)) and fa(-,0) replaced by 0 (see (1.2)), we can apply Theorem 2.1 to system (5.3).
Combining this with (5.4), we can obtain that y, € Y3 and

lusllvs < Co(€2.0. 7. g2 parve) (ol s snoronw + el ). (55)

with Cy increasing with respect to [|g(2)||pinpz (see (2.6)).
Let C(z) be the set constituted by the controls v, € L2(0,T; H*(w)™) N HY(0,T; L?(w)") that satisfy
(5.4) and drive the solution y, of system (5.3) to zero at time 7. Then, let us introduce

A(2) := {y. solution of (5.3) :v, € C(2)}.

Observe that, thanks to (5.5), A(z) is included in Ys. Moreover, for any z € Ys such that [|z]ly, < 1, we
have [|g(2)|[p1npz < M, where M > 0 is a constant only depending on ¢, 7 and . Consequently,

ly:llva < Ca(€,0,T, M) llgoll s v + 1Ay, )

1 :
-
CZ (Q, w, Tv M )
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Now, we want to establish that the set-valued map A : K — 2% possesses a fixed-point, where
K :=By,(0:1) = {y € Yo : [Jylly, <1}.
For this end, we will apply Kakutani’s fixed-point theorem (see for instance [1], Theorem 3.2.3, page 87):

i) A(z) is a nonempty closed convex set of L2(Q)", for every z € K.
ii) K is a nonempty convex compact set of L2(Q)".
iii) A is upper-hemicontinuous in L?(Q)", i.e., for any A € L2(Q)", the mapping

Z— sup (A,y}La(Q)N
yEA(2)

is upper semicontinuous.

i) For every z € K, let (y*) C C(z) such that y* — vy, in L2(Q)Y. From (5.4), we find (at least for a
K v, in L2(Q)N. Let us denote w, the solution of (5.3) associated to v := v,.

Then, y*" — w, satisfies (5.3) with & := 0, v := v — v, and yo := 0. Thanks to (2.2), we have y* — w,

z

subsequence) that v

in L2(Q)" in particular and so y, = w,. This shows that A(z) is closed. The convexity of A(z) is trivial.
ii) Since Y3 is compactly embedded into L2(Q), the second item holds true.
iii) Finally, let us prove the upper-hemicontinuity of A. Assume z;, — z in L?(Q)". In consequence from
the compactness of A(zy), we have

sup <)‘7y>L2(Q)N = <)‘7y/€>L2(Q)N7
yEA(2k)

for some y € A(zx). Then, we choose (zx/) C (2x) such that

S, e = Jim Bz
and denote vy the controls in C(zx) which are associated to yr € A(zg/). From (5.4), there exists
v* € L2(0,T; H*(w)N) N HY(0,T; L?(w)™) such that vy — v* in L2(0,T; H?(w)™) N H(0,T; L*(w)N)
and v* € C(z). In particular, vy — v* in L2(Q)™ (for a subsequence). Now, let (3%, p*) be the solution
to (5.3) associated to v*. We set §x := yrr — y*, Dir := prr — p* and Uy := vpy — v*. Then,

(Or)e =V - (D) + Vppr = Opr X in  Q,
V- gk’ =0 in Qa
Gr -n =0, (o(Gr,Prr) - 1)eg + (9(2)Tn )eg = ([9(2) — g(zi)]ynr)eg  on X,
G (,0) =0 in Q.

Taking into account that g(zi/) — g(z) in Z., one can prove that in particular

k' —oo
Ilg(z) — g(zk')]yk’||L2(0,T;H1/2(BQ)N)OH1/4+E(O,T;H*E(aﬂ)N) e}

Then, from Lemma 2.1 we can deduce that y,» — y* in Y7. Additionally, y* € A(z) and therefore,

lim  sup (MY 2o = lim (A yr) 2oy = Ny ) 2oy < sup (A ).
k=00 yen (zy) R S @ W7 = eats

This concludes the proof of Theorem 5.1. O
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5.2. Nonlinearity in the main equation

Theorem 5.2. Suppose that By, Bs are Banach spaces and
A: By — By
is a continuously differentiable map. We assume that for b € B1,b € By the equality
A(bY) = 05 (5.6)

holds and A’ (b)) : By — Bs is an epimorphism. Then there exists 6 > 0 such that for any by € By which
satisfies the condition

163 — ba||5, <
there exists a solution by € By of the equation
A(by) = bs.
We apply this theorem for some given i € {1,..., N} and the spaces
By :={(y,p,v) € Ey : y € Ya}
and
By := {(h,yo) € [L3(>*# (v*)73/2(0,T); L2 ()N) n Y] x [H3(Q)N N W] : h, yo satisfies (5.2)}.
We define the operator A by the formula
Aly,p,v) = (Ly + (y - V)y + Vp — vxw, (-, 0)).

Let us see that A is of class C1(By, Bs). Indeed, notice that all the terms in A are linear, except for (y-V)y.
We prove now that the bilinear operator

((ylaplvvl)V (yz,p2,v2)) — (yl : V)yQ

is continuous from By x By to L2(e*#” (v*)=3/2(0,T); L2(Q)N) N Y.
In fact, notice that (see the definition of the space EY):

P (y) T My € L2(0, T L())
and
V(P (7)) € D20, T L)),
Consequently, we obtain

127" (v*) 722 (y" - V) [l L2 @y
< O () Myt V)2 () T2 L g)n
< Ofe*”? (7*)_12/1191||L2(0,T;LOC(Q)N)||€285 (7*)_12/1192||L°o(0,T;W)-
Please cite this article in press as: S. Guerrero, C. Montoya, Local null controllability of the N-dimensional Navier—Stokes

system with nonlinear Navier-slip boundary conditions and N — 1 scalar controls, J. Math. Pures Appl. (2018),
https://doi.org/10.1016/j.matpur.2018.03.004




MATPUR:2986

32 S. Guerrero, C. Montoya / J. Math. Pures Appl. sss (ssee) see—see

On the other hand,

1" V)92, < Clly v 19 ye-

Notice that A’(0,0,0) : By — By is given by
A,(07 Oa 0)(.%277 ’U) = (Ly + vp — UXw; y(7 0))7 for all <y7p7 ’U) € Bl~

In virtue of Theorem 5.1, this functional satisfies Im(.A’(0,0,0)) = Bs.

Let b = (0,0,0) and b9 = (0,0). Then equation (5.6) obviously holds. So all necessary conditions to apply
Theorem 5.2 are fulfilled. Therefore there exists a positive number ¢ such that, if [|y(-,0)|| gs@)vaw < 9,
we can find a control v satisfying v; = 0, for some given i € {1,..., N} and an associated solution (y,p) to
(1.1) satisfying y(-,7) = 0 in . This finishes the proof of Theorem 1.1.

6. Comments and open problems

One of the main novelties is Proposition 3.1, which involves new estimates for the pressure term from
known Carleman inequalities for parabolic equations and a new regularity result for the Stokes system with
linear Navier-slip conditions (see Theorem 2.1). Otherwise, when N = 3, the major difficulty by thinking on
local null controllability of (1.1) with one single control is to estimate the global integrals of two components
of velocity through a third component, which is not clear at all and therefore is an open problem.

On the other side, the local null controllability for the Boussinesq system with Dirichlet boundary con-
ditions and N — 1 scalar controls have been established by Carrefio [3], so that, it is reasonable to expert
results of the same kind whether instead of Dirichlet conditions one considers nonlinear Navier-slip condi-
tions. Additionally, it would be interesting to study the extension of arguments exposed in this paper to
other fluid models such as appears in micropolar fluids [10,13] and in a model of turbulence [14].
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