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Abstract: In this paper, we prove Lipschitz stability results for the inverse source problem of determin-
ing the spatially varying factor in a source term in the Korteweg—de Vries—Burgers (KdVB) equation with
mixed boundary conditions. More precisely, the Lipschitz stability property is obtained using observa-
tion data on an arbitrary fixed sub-domain over a time interval. Secondly, we show that stability property
can also be achieved from boundary measurements. Our proofs relies on Carleman inequalities and the
Bukhgeim-Klibanov method.
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1 Introduction

From a physical point of view, the Korteweg—de Vries (KdV) equation describes the propagation of long water
waves in channels of shallow depth, in which two phenomena are involved, dispersion (third-order term) and
nonlinear convection (nonlinear term). The interaction of these terms gives rise to a wave traveling at constant
speed without losing its sharp, called soliton, [25, 27]. In some physical context such as propagation of undu-
lar bores in shallow water [21], fluids containing gas bubbles [33], plasma waves [16], nonlinear circuit theory
and turbulence [13], a smoothing effect is also added into the model and produces a third phenomenon, dissi-
pation (second-order term). The resulting equation is called the Korteweg—de Vries—Burgers (KdVB) equation
[5, 25]. In our case, we consider the KdVB equation on a bounded domain with mixed boundary conditions,
namely,

Yt +Vxxx = Vax +YYx = F(x, t) in(0,L)x (0, T),

y(O, t)ZY(L,t)ZO in(o’ T)’ (1 1)
Yx(L, t) = yx(0,) on (0, T), ’
Y(’O)ZO in(OyL)a

where y = y(x, t) represents the surface elevation of the water wave of quiescent depth at time (0, T) and
space (0, L) and F(x, t) is an internal force acting on water wave, which is interpreted as the spatial deriva-
tive of the bottom topography of the channel. In this paper, we investigate inverse problems in which we
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pretend to determine a spatial varying of bottom topography from either interior measurements or boundary
observations.

Assumptions on the source term F as well as well-posedness results concerning (1.1) will be specified
later. The main focus of this paper are theoretical stability results for the following inverse source problems.

Inverse source problems. Let w cc (0, L) be a given nonempty sub-domain and O < ¢ty < T. Assume the
source term F(x, t) = f(x)R(x, t) in (1.1), where R is fixed and known, and let y satisfy (1.1).

Problem 1.1. Determine f(x) from interior observation data {y, y+}lwx,r) or from boundary measurements
{y, yitio,1x0,7)- Here, {0, L} x (0, T) is equivalent to {(x, t) : x =0, t € (0, D} U {(x,t) : x =L, t € (0, T)}.

Problem 1.2. Determine f(x) from observation data {y, y, ¥t} wx(o,m) and {y(-, to)}lo,z;, or from measure-
ments {y, ¥, Yet}Hoyxo,m and {y (-, to)}o,r-

In the previous inverse problems, the source term f(x)R(x, t) is incompletely separated into its spatial and
temporal components, and we tackle the problem of determining the spatial component f. In presence of
a source term whose decomposition is in the form of separation of variables, i.e., R is space-independent, the
term f(x)R(t) can act as the external force modeling a topography which is piecewise constant and has jumps
with time varying heights [3].

From a theoretical point of view, some methods for solving inverse source problems have been devel-
oped intensively for different kinds of PDEs. Roughly speaking, in elliptic or parabolic equations [9, 11],
hyperbolic equations [17, 20, 32], linearized Navier—Stokes system [8] and in a viscoelasticity model [26],
the proofs are based on Carleman estimates. A spectral approach for obtaining a source reconstruction for-
mula in hyperbolic equations [34], parabolic equations [15] and in the Stokes system [14] is carried out by
a control method and Volterra equations. A new strategy called mixed formulation is presented in [10, 28]
and applied to inverse source problems for linear hyperbolic and parabolic equations.

Inverse problems of recovering coefficients for KdV-type equations with Dirichlet and Neumann condi-
tions have been treated by means of optimal control tools and whose measurements are from the final state
data [30] or from boundary data [31]. Meanwhile, the determination of the principal coefficient is proved
in [2] by the Bukhgeim—Klibanov and Klibanov-Malinsky methods [4, 24], which are based on Carleman
estimates for the linearized system. Finally, we invite to the interested reader to see [18, 22, 23, 29] and
references therein for a complete description on inverse problems.

To the best of our knowledge, [3] is the only article which studies the inverse problem of retrieving the
external source in the KdVB equations with Dirichlet and Neumann boundary conditions. In [3], the authors
have used optimization techniques for proving the inverse source problem of recovering the time-varying
bottom topography, and where the spatial components f are Dirac measures. Thus the inverse source problem
for the KdVB equation with mixed boundary conditions has not been studied so far. The purpose of this paper
is to present the first stability and uniqueness theorems to inverse source problems such as Problem 1.1 and
Problem 1.2 through the Bukhgeim-Klibanov method. Our proofs are based on Carleman estimates, which
are different from the one obtained in [2, 6] for the KdV equation with Neumann boundary conditions and [7]
for KdVB equation with mixed boundary conditions. To be more specific, the difference with respect to [2, 6]
relies on the weight functions and boundary conditions. In contrast to [7], their Carleman estimate contains
weight functions, which are only time dependent and have just one local term on w x (0, T). Indeed, it is not
possible to solve our Problem 1.1 using such an inequality; essentially, the weight functions appearing are
not the same in each term of the Carleman inequality, and therefore the Bukhgeim-Klibanov method could
not be applied.

Let us denote by y and y the solutions to (1.1) for sources F1 (x, t) = R(x, t)f1(x) and F»(x, t) = R(x, t)f>(x),
respectively. Additionally, in order to present our main results, we define some sets and impose several
assumptions.

Define the set

8 = {F € C([0, T]; H?(0, L)) : F¢ € C([0, T]; L*(0, L)) n L?(0, T; H*(0, L)),
Fy € L?(0, T; H1(0, L))},
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and, for any s > 0, let us define the space
YS := ¢([0, T); H(0, L)) n L?(0, T; H5*1(0, L)).

(H1) The input data (y, ¥)lwxo,r) and (¥, ¥)ljo,Ljxit,} are sufficiently smooth and bounded, i.e., there exists
a positive constant M; such that

max{[|yllwzeo (0, r;wreo0,1))s IVl wzeo0, s wreo0,1))} < M. (1.2)
(H2) Assume the existence of positive constants ro and M,. Consider the set
M(R, 1o, M) :={Fe8:Re€ HY(0, T; L*®(0, L)), IR0, 73L0(0,1)) < M2, |R(x, 0)| > 19
and |F(x, 0)| = F(L - x, 0) for all x € [0, L]}.
(H3) LetO < tg < T, and let R(x, t) be a given fixed function satisfying
R(-,to) € CX([0, L)), afR e L®((0,L)x(0,T)), k=0,1,2.

Our first main result is given in the following theorem.

Theorem 1.3. Let (H1) and (H2) be satisfied.
(I) Then there exists a positive constant C = C(w, M1, M>, R, ro, L, T) such that

If1 = fallz2 0,2y < Clly = YllEi0, 1312 (w)) -
(II) Then there exists a positive constant C = C(M1, M>, R, ro, L, T) such that

If1 = f2lli2o,0) < C(Iyx(L, ) = Yx(L, Ollmr0,1)
+ ”yXX(L’ t) - yxx(L, t)”Hl(O,T)
+ [yxx (0, 8) = Vxx (0, Ollr0,1))-

Remark 1.4. Theorem 1.3 holds true if the space W?*(0, T; W*(0, L)) on hypothesis (H1) is changed by
W0, T; WH*(0, L)). However, inequality (1.2) is required in order to solve Problem 1.2.

Remark 1.5. Concerning (H2), a similar condition is assumed in [2] to study an inverse coefficient problem in
the KdV-type equation from boundary measurements. Indeed, our spatial anti-symmetry hypothesis on the
source F is a consequence of extending the solution of the KdVB equation to negative times. To omit such an
assumption will imply to take observations of the solution in a given time ¢, > 0; see Theorem 1.6.

Our second main result is given in the following theorem.

Theorem 1.6. Let (H1) and (H3) be satisfied. Then there exist positive constants C1 = C1(L, T, tg, M1, w) or
Cy = Co(L, T, to, M1) such that, for every y, y satisfying (1.1) for sources F1 = Rf; and F, = Rf5, respectively,

If1 = folle2o,0) < C1(lly = Va2, 1302 (wy) + 1Y+ 5 to) = V(-5 to)lm3(0,1))
or

If1 = f2llz20,2) < Ca(llyx (O, ) = ¥(O, lla2(0,1)
+ 1Yxx(0, +) = Yxx (0, ) a2(0,7)
+ 1y (-, to) = y(-, tolmso,1))s

wherey,y € Y?, yi, Ve € YO and yi¢, it € Y3,

The rest of this article is organized as follows. In Section 2, we prove regularity results to the KdVB equation
considered. In Section 3, one-parameter Carleman estimates for the linearized KdVB equation with mixed
boundary conditions are established. Section 4 is dedicated to prove Problem 1.1 (see Theorem 1.3) and
Problem 1.2 (see Theorem 1.6) using the Bukhgeim-Klibanov method.
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2 Preliminary results

In this section, we establish some regularity properties for the KdVB equation (1.1), which are required in
order to prove our inverse problems. The reader interested in studying the well-posedness for the KdVB equa-
tion on a bounded domain with different types of boundary conditions could review [1, 7, 19] and references
therein.

2.1 Linear problem

We consider the linear problem

Vet Vox — Y = F(x, £)  in(0,L) x (0, T),
y(©O,t)=y(L,t)=0 in (0, T),
Yx(L, t) = yx(0,t) on(0,T),
y(-,0)=y°(-) in (0, L).

(2.1)

Recently, Cerpa, Montoya and Zhang [7] proved a well-posedness result for a problem-type (2.1) in the
space Y* for s € [0, 3]. We mention their result in the following lemma.

Lemma 2.1. Foreverys € [0, 3], let (F, yo) € L?(0, T; HS"1(0, L)) x H%(0, L)). Then (2.1) admits a unique solu-
tion y in the space Y*.
Furthermore, there exists a positive constant C such that

Iyllys < C(IFlr20,7:05-10.1y) + IYllmsco,1))-

The proof of Lemma 2.1 is based in semigroup theory and energy estimates for the Cauchy problem

Ye+Ay=F, y(0)=)°,

where the operator A is defined by Au := —Uy + Uxy, and D(A) = {u € H3>(0, L) n Hé(O, L) : uy(0) = uy(L)}.
Now Lemma 2.1 will be used to obtain more regular solutions of (2.1).

Proposition 2.2. Assume y° € H%(0, L) n D(A) and F € 8. Then the linear KdVB equation (2.1) has a unique
solutiony € C([0, T]; H®(0, L)) with y¢ € Y> and y; € Y°.

Proof. Let z := y. From (2.1), it follows that z satisfies the system

Zt + Zyxx — Zxx = Fit in (0, L) x (0, T),
z(0,t)=z(L,t)=0 in (0, 7),
(0, 8) = z(L, t) 0,7) 2.2)
ZX(L’ t) = ZX(O’ t) on (0’ T)s

2(+,0) = F(+,0) + ¥ (*) = Yoo (*)  in (0, L).
By estimating z(-, 0) in L?(0, L) and using Lemma 2.1 on (2.2) with s = 0, we obtain
Iz(-, Ollz20.1) < CUFelco,miz2c0,0)) + Y2l 0,1))>

Izllye < C(IF¢elz2(0, ;-1 (0,1)) + 12(+ 5 O)lIL2(0,1))

< C(IFeellz2(0,m:1-1(0,1)) + IFelcro,msr2 0,0y + 1Y 2MEp 0,1 )-

Now we need to prove y; € C([0, T]; H3(0, L)). To do this, let u := y;. Analyzing in the same way the system
satisfied by u, we get

lullys < C(IF¢lz20,1:m2(0,L)) + (-, O)llm30,1))

< C(IFellz2(0,7sm20,1) + IFllco,msm 0,y + 1Y lms 0,1)-
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Finally, it is left to prove y € C([0, T]; H®(0, L)). From the continuous injection
H'(0, T; H*(0, L)) — C([0, T); H*(0, L)),
we see that y € C([0, T]; H*(0, L)). On the other hand, taking the main equation of (2.1), we have

Iy xocxllcqo, T2 (0,2)) < CUIFNcqro, i3 0,1)) + 1Yellcqo, T2 (0,1)) + 1Yxxlleqo, 113200, 1)))
< C(IFelz20,7:120,1)) + IFll cqro, s (0,1) + 1Y s 0.1)-

Repeating the above arguments, we can obtain the inequality

Iyxxxllco, 1830,y < CUIF N cqro, 1h:83 0, LyynH1 0, T:H20,1)) + 1Y° I8 (0.1)) -

This completes the proof of Proposition 2.2. O

2.2 Nonlinear problem

In order to prove a similar result to Proposition 2.2 for the nonlinear system

Vet Yaoxx — Yo +YYx = F(x, t)  in(0,L)x (0, T),
y(©O,t)=y(L,t) =0 in (0, T),
Yx(L, t) = yx(0,t) on(0,T),
y(-,0)=y°(+) in (0, L),

we will use fixed-point arguments as well as small data. A well-posedness result of system (2.3) with F = 0
can be found in [7]. More precisely, the authors of [7] have proved the following lemma.

(2.3)

Lemma 2.3. Assume s € [0, 3]. Then, for every T > 0, there exists § > O such that, for any y, € H%(0, L) satis-
fying lyollaso,r) < 8, the nonlinear system
Ve+Voxx = Yxx +YYx =0 in(0,L)x (0, T),
Y(O, t):)/(L,t) =0 in (Oy T)y
YX(L’ t):)/x(O, t) on (Os T),
y(-,0)=y°(-)  in(0,L)
admits a unique solution y in the space Y?.
The fixed-point scheme carried out in [7] can be easily adapted to system (2.3) in order to obtain more regular

solutions, which are required to solve our inverse problems.
Let us introduce the space

A={yeC(0, T]; H5(0,L)) : ys € Y>, yy € YO).

Proposition 2.4. Assume y° € H(0, L) n D(A) and F € 8. Then, for every T > 0, there exists § > O such that,
for any y° and F satisfying

Iy° e 0,y + IFllco, 13 0,1y < 6,
the nonlinear system (2.3) has a unique solution y in the space A.

Sketch of the proof. Letus consider the closed ball By ¢ A, where R > 0is an appropriate radius to determine.
We define the map A : Bg ¢ A — A by A(v) :=y, and y satisfies the system

Ve + Vaxx — Yxx = F(x, t) —vvy in(0,L) x (0, T),

yO,t)=y(L,t)=0 in (0, 7),
yX(L, t):yX(O’ t) on (O’ T)’
y(-,0)=y°(-) in (0, L).
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Using the semigroup {S(t)}+o0 associated to the operator A as well as Proposition 2.2, there exist positive
constants Cy, C, and C3 such that

IAM)Na < Cally®lez 0,0y + C2lVI% + C3lFllcqo, mi;m3 0,1 - (2.4)

Consider R > 0 such that, for any mo, ng > 2,
1
R = momax{Ci, C3}(Ily°lm(0.1) + IFllco,m:0,)) and  CaR < g
Let § = (2monoC> max{Cy, C3})~1. From (2.4), we get |A(v)|.4 < R. Moreover, for every v, w € Bg, A is a con-
traction mapping on By since

1
[AW) = AW)lla < Ca(lvlia + Iwla)lw —v]a < Tl_o”V - Wla.
Therefore, A has a unique fixed point w € A, which is the solution of (2.3). O

Remark 2.5. From the above results and interpolation arguments, it is possible to deduce the existence of
a unique solution y of (2.3) in W ((0, T); WH(0, L)). Recall that this regularity is required for solving
Problem 1.1; see Theorem 1.3.

On the other hand, the existence of a unique solution y of (2.3) in the space W2 ((0, T); W%(0, L))
(which is necessary for solving Problem 1.2, Theorem 1.6) can be obtained using the structure of the proof
of Proposition 2.2 and Proposition 2.4. We only mention the result, and therefore we omit the proof.

Proposition 2.6. Assumey® € H°(0,L) N D(A) and F ¢ Y®. Then the nonlinear system (2.3) has a unique solu-
tion y in the space Y°. Furthermore, y; € Y®, yi € Y3,y € YO with

Fre Y3, FyeC([0, TI; L%(0,L))nL%(0, T; H*(0, L)) and Fyue € L?(0, T; H1(0, L)),

respectively.

3 Carleman inequalities

In this section, two Carleman estimates for the linearized KdVB equation with constant coefficients on the
domain defined here by Q := (0, L) x (-T, T) will be proved. As mentioned in the introduction, few authors
have proved Carleman inequalities for the KdV and KdVB equations posed on a bounded interval (see [2, 6]
and [7], respectively). In this article, we tackle with mixed boundary conditions like in [7]. In order to apply
the Bukhgeim—-Klibanov method for solving inverse problems, it is crucial to prove a one-parameter Carleman
estimate with the same exponential weight function in each integral term.

Concerning the inverse source problem with boundary observation data (see Theorem 1.3, case (II)),
a Carleman inequality with boundary terms on its right-hand side as well as equal exponential weight func-
tions in each term is necessary. It can be solved by adapting the Carleman estimate for the linearized KdV
equation proved in [2], which involves two parameters. However, we propose an alternative construction
using only one parameter since our inverse problem concerns the source and not the coefficients. In fact, it
implies different regularity conditions to the ones presented in [2], which were studied in the previous section.

We also underline that the Carleman inequality given in Proposition 3.1 is different to the one established
in [7]. Namely, in this reference, a Carleman estimate containing only time-dependent weight functions and
one local term on w x (0, T) is proved. Indeed, it is not possible to solve our inverse source problem using
such an inequality; essentially, the exponential weight functions appearing are not the same in each term,
and therefore the Bukhgeim-Klibanov method cannot be applied.

Let us consider the operator P given by

P =0t + Oxxx — Oxx + a(x, )0y + b(x, t), (3.1)
where a € L®(0, T; WH*(0, L)), b € L°(Q), and the space
&={vel?*-T,T; H*(0,L) n H}(0, L)) : Pv € L*(Q)}. (3.2)
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3.1 Carleman estimate with local terms

Let w be a nonempty open subset of (0, L), and let ¢ € C*([0, L]) satisfy

¢>0in[0,L], ¢x(0)<0, ¢x(L)>0 (3.3)
and
$xx < 0in (0, L)\w, edtin P00 = p(€2), Jax $00) = p(L). (3.4)
Moreover, we consider the weight functions
1
(X(X, t) = ¢(X)£(t); {(t) = m (35)

An example of the weight function ¢ is the following: given w = (¢1, £), we have
ex> -3¢1x>-x+C; in|[0, ¢1],
¢00) = 3 ) .
-ex’ +(1+3el“)x+Cy in|[€y, L],

where C; =2¢L3+L+C,,0<e<land C, > 1.
The first of our main results in this section is the following Carleman estimate.

Proposition 3.1. Let ¢p and ¢ be defined by (3.5). There exist so > 0 and a positive constant C depending on
L, w, T, llale(o,T;wre(0,1))s 1blleoq) and llpllcejo, 1) such that, for every s > so, for all y € € defined by (3.2),
we have

JJ[SSES|Y|Z + 5353|YX|2 + Sﬂyxx|2]e_2m dx dt

@ T
#5 [ Gyua(0, DU 1y (L, OP e 25000 e
-T
< C(”IPyPe-zw dx dt + JJ[(S{)5|y|2 + 3 yxl? + sélyxxl?]e 25 dx dt). (3.6)
Q wx(-T,T)

Proof of Proposition 3.1. The proof is divided in three steps: The first one is a classical setting; both decom-
position and change to an appropriate operator involving the weight functions (3.3)-(3.5) is considered. In
the second one, we will estimate global integrals using integration by parts. Finally, we will return to the
principal variable y for obtaining the desired inequality (3.6).

Step 1: Change of variable. In this step, we consider the differential operator satisfied by a new variable z,
which will be y up to a weight function. More precisely, for every y € € and s > 0, we set z = e~3%y, and we
denote by L; and L, the skew-adjoint and self-adjoint parts of the operator P defined in (3.1), respectively.
Thus, if Fs = eS%F, the identity e S*P(e®?z) = F is equivalently to

Liz+ L>z = Fs + Rs,

where
L1Z := Z¢ + Zyex + 352(x) 2y,

Loz := 35(Ax)Zxx + S>(Ax)3 2 + 35(0yy )2y
and
R = 52(0y)%Z + SQyxZ + 25y Zy + Zyx
— B8y Qxx + SAxxx + (1 + alx, t))say + sar)z
-1 +ax, t)zy - bx,t)z.
Thus we have
IL12075 g, + IL221172 gy + 2(L12, L22) = |IFs + Rsll}2 )

where (-, -) is the L2(Q) inner product. In the next step, we carry out several estimates for the terms that arise
of the inner product (L,z, L, z).
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Step 2: Estimates of global terms. In this step, we use several times integration by parts in order to develop
the nine terms appearing in (L,z, L,z). Then

M= (Llz, Liz) = 3s ” Qe ZZxy dx dt
Q

=-3s

P—

J QyxZiZy dx dt + 32—5 ” Axelzy|? dx dt
Q

(%)

o/

=-3s €t¢xlzx|2 dx dt,

Ebruzize dx dt + 37

o/ ©

w

J(le)BZtZ dx dt = 3

"2 :=(Liz,L3z) = §° >

E2&¢3|z)? dx dt,

D —

'3 = (L1z,L32) = 3s || axxzxze dxdt = Ayl zy|? dx dt — THT

e
N
—

Q Q
3s 5 1
=5 ” $epxlzyl? dx dt - 11, 3.7)
Q
1= (122, L1z) = 3s ”' oz Zyy dx dt
‘ T
3s 5 3s -
=5 H EPrxlzxx]” dx dt + > J’(fqulzxxl [ioo) dt. (3.8)
Q T

A

From (3.3), A > 0. In fact, there exists a positive constant C = C(L, ||pxll(0,1)) such that

A>Cs | &(1zxx(0, )17 + |zxx (L, )]?) dt.

I
N

We continue with the estimates and have

I>? :=(Liz,L3z) = &> ”(ax)3zzxxx dx dt
Q
=-3s3 ”(ax)zaxxzzxx dxdt - s3 ”(ax)3zxzxx dx dt
Q Q
=3s3 ”[(ax)zaxx]xzzx dx dt + 3s° ”(ov,()zotxxlle2 dx dt
Q Q
T
s3 3 P s3 3 2 x=L
+ 2 [ U@ izt axae - 5 [ (@ %) e
Q -T

B

3 3
- 9% IJ(aX)ZaXX|ZX|2 dxdt - 3% jj[(ax)zaxx]xxlzlz dxdt-B, (3.9)
0 Q

I3 :=(L3z,13z) = 3s ” QxZxZxxx AX dt

Q T
= _3s ” Qo ZxZux dx dt — 3s H xxlZxx|® dx dt + 3s J(lexeZxsz(L)) dt
Q Q -T
2 3s 2 ~
=-3s ” x| Zxx|” dx dt + > ” Qyxxx)Zx|” dx dt + C
Q Q
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DE GRUYTER C. Montoya, Inverse source problems for the KdVB equation =— 9

=-3s ” Epyxlzax|? dx dt + 375 ” EPrxxlzx|? dxdt + C, (3.10)
Q Q
where
T T
= x=L 3s 2 x=L
C:=3s | (§pxxzxzxx|yg) dt - > (Erxxlzxl®[}o) dt. (3.11)
-T -T

The last estimates are obtained as follows:

Pli=(13z,13z) = 9§° ”(ax)3zxzxx dx dt
Q

T
953 953 =
= -2 (U@ izt dxde s Z- [ (@lad?ih) dt

Q -T
2753 2 2 953 3 21x=L
= ”(ax) x|z |® dx dt + > J(((xx) |zx|%]\zg) dt - (3.12)
Q -T
D
Using (3.3), (3.9) and (3.12), we deduce that D — B = 4B > 0. Thus there exists a positive constant
T
C = C(L, |¢pxli=(,r)) suchthat D-B>Cs? J Elzx(L, OI? + |2x(0, 1)|?] dt.
T
Besides,
P?:=(L3z,13z) = 35° ”(ax)Szzx dx dt
Q
3s° 15s°
=2 [t hizi dxde === [[ €00 et dx .
Q Q

Taking into account that ¢y, < 0in (0, L)\w (see (3.4)), we can estimate I>2 by

15s°

Cs’ ” 51212 dx dt — Cs® ” Elal? dxdt < - ” £ () brelzl? dx dt
Q Q

wx(-T,T)

forany s > C(L, w, T, l|pxxllz=(o,1))-
Finally,

P3 = (I32,132) = 953 ”(ax)zaxxllez dx dt = 953 ” ()2 brrlzal? dx dt.
Q Q

Now we denote by I f’l and I f’a the first terms of (3.8) and (3.10), respectively. Thus, using again condi-
tion (3.4), forany s > C(L, w, T, |l pxxllz=(0,1)), We have

2 - —% ” Ebrxlznel? dxdt > Cs ” &zuel? dx dt - Cs ” &zl dx dt.
Q Q wx(-T,T)

IfI f’z and I f "1 denote the first terms of 12:2 and I>-1, respectively, then
I’ +0t+ PP =o.
Additionally, the second term of I?-3, denoted by I 2.3 can be upper bounded (after integrating by parts and

using Young’s inequality) by

L?<cs’ ” Ezy |2 dxdt < ”(55<§5|z|2 + 58| zxx|?) dx dt (3.13)
0 0
forany s > C(L, w, T, [pllcso,1))-
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10 —— C. Montoya, Inverse source problems for the KdVB equation DE GRUYTER

As a consequence of (3.13), the first term in (3.7) as well as the second term in (3.10) can be estimated
by the left-hand side of (3.13). By considering the constant C defined in (3.11), at this moment, for any
s> C(L,w, T, l¢lcio,1)), we can deduce the inequality

T
”[5555|z|2 + 828 2x1? + sélzl?] dx dt +s J (12xx (0, )1 + lzxx (L, £)]?) dt
0 r T
+s J Elzx(L, t)1* +1zx(0, H)*] dt + C
-T
< C(nan;(Q) # IR g + [[ [ 1 + s8lznd?] dx dt).

wx(-T,T)

Finally, we shall estimate C. Indeed,

ICl =

T
35 j E[dxa(Ly O2x(L, O2xx(L, ) — Prx(0, 0250, H)2xx(0, 0)] dit
T

T

B % J E[rox(L, Olzx(L, 01 = Proex(0, 1)12x(0, )] dt
-T
T T

< Cs? J Ellzx(L, 1 + |2:(0, OI*] dt + C j &(122x(0, O + |2xx(L, D)) dt.
-T -T

Hence there exists a constant C depending on L, w, T,|¢llcs[0,1], b € L*°(Q) and ||la| =0, T;wr.=(0,1)) sSuch that,
foranys > C,

T
”(35§5|z|2 + 312,07 + s8zex?) dxdt + 5 J (1200, O + 12ex(L, )2) dt
Q -T

T
+8 [ £(2(L, OF + 1200, 0F) de
°r

< c(ﬂmem dxde + ”(35§5|z|2 + 5825 |?) dx dt). (3.14)
Q

wx(-T,T)

Step 3: Return to the mainvariable. Inthis step, we turn back to our original function for obtaining the desired
inequality (3.6). Taking into account that our change of variable was given by y = e5%z, a direct computation
allow us to get

lyxl2e 25 < C(s2&%|2 + |2x[%),

lyxxl?e 2% < C(s" &%z + $2E2 | zx|? + |zxx ).
On the other hand,

|Zx|? < Ce 252 (S*EX Y12 + S2E2|yxl® + lyaxl?)

Finally, substituting the previous estimates into (3.14) yields inequality (3.6). This completes the proof of
Proposition 3.1. O

3.2 Carleman estimate with boundary terms

In order to prove the Lipschitz stability from boundary measurements, we first proof a global Carleman
inequality for the linearized KdVB equation with boundary terms at x = 0. The Carleman estimate will be
developed using the scheme of the previous subsection.
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DE GRUYTER C. Montoya, Inverse source problems for the KdVB equation = 11

Let i € C*[0, L] satisfy

Y >0 inJo0,L], (3.15)
l/)XX <0 in [O’ L]s (3.16)
Ux(L) >0, Px(0) > 0. (3.17)
Moreover, we consider the weight functions
1
Bx, t) = Ypx)&L), &(¢) := m (3.18)

It is very easy to verify that, for every a > 0, (x) = ax® — 4alx? + 6aL’x + d satisfies (3.16) and (3.17);
meanwhile, (3.15) holds for d > 1.
The second main result of this section is the following Carleman estimate.

Proposition 3.2. Let 8 and ¢ be defined by (3.15)—(3.18). There exist so > 0 and a positive constant C depend-
ingonL,T, |allze, ;w0 0,L)) Iblleo(q) and 1Yl cero,1) such that, for every s > so, for ally € & defined by (3.2),
we have

”[szslyl2 + 828y ? + sélyul?]e 2P dx dt
0

T
c(”uayFeZSB dxdt + j [S2E1yx(0, OI? + 5&yxx(0, £)[2]e 2P0 dt). (3.19)
Q -T

Sketch of proof. We follow closely the proof of Proposition 3.1. Thus, from the change of variable z = e~5fy

and Fs = e8Py, we have again ”LlZ"IZJ(Q) + ||Lzz||iz(Q) +2(Ly1z,Lyz) = |Fs + RSIIiZ(Q), where Li, Ly, R are

defined like in step 1 of the proof of Proposition 3.1, but considering f instead of a. Now, from step 2 of the
proof of Proposition 3.1, we can deduce the inequality

9 15s°

JJ gl/)xx|zxx| dx dt - 5

Q

ﬂ () Prrlel? dx dt

T
35 3s -
JJ 'f’,bxxxx|zx|2 dxdt + — 7 J §Pxlz xx|2|§=é dt + 4s° J ¢x€)3|zx| |X bt

Q -T Z
T T
+3s J'(&bxxzxzxxl dt - ? J &/)xxx|zx| |
-T -T
< 2(1F gy + IRs 122 )

On the other hand, using condition (3.16), we can estimate the third term on the left-hand side of the pre-
vious inequality like in (3.13) forall s > C, where C = C(L, T, [¥llcs[0,1])- Then there exists a positive constant
C only depending on L, T,|[{)|l¢c4[o,1] Such that, for any s > C,

” [s°8°121% + 28 1zx” + sélzul*] dx dt
Q

() be(L)lzxx(L t)|2 Px(0)]zxx (0, t)|2)dt

3

7l
]

45> | E O3 (L)zx(L, OI* - h3(0)]2x(0, t)|*) dt
T
+3s j(&/zxxzxzxx| ydt - 2 j(&/)xxxlle [5=5) dt < CAIFsl2, g, + IRl 22 g)- (3.20)
_T -T

J(2x5Zxx)
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12 —— C. Montoya, Inverse source problems for the KdVB equation DE GRUYTER

Now, using condition (3.17) in (3.20), for any s > C, we can deduce

T

jj (P82 + 282y + sélzxl?] dx dt + 5 j EOYx (D)2 L, O dt
Q -T

T
+s3 j SOV D)lzx(L, OF dt + (24, 2xx)
T

T T
< c(53 j £(0)z:(0, D2 dt +5 j E(O)|zc(0, DI dt + | FsllZs g + ||Rs||§2(a,>. (3.21)
-T -T

Applying the Cauchy—-Schwartz inequality, J(zy, zxx) can be upper estimated by the boundary terms asso-
ciated to |zx(0, )|, |zxx(0, )| in the right-hand side of (3.21) and by the terms |zy(L, -)|, |zxx(L, -)| in the
left-hand side of (3.21). This completes the sketch of proof of Proposition 3.2. O

Remark 3.3. A result similar to Proposition 3.2 with boundary terms at x = L can be obtained if the signs of
Py given in (3.17) are changed. This new proposition will be equivalent to [2, Theorem 2.2], but involving
only one parameter.

4 Inverse problems

This section contains the proof of Lipschitz stability results stated in Theorem 1.3 and Theorem 1.6 con-
cerning inverse problems of recovering the source F(x, t) = R(x, t)f(x) in equation (1.1), either from interior
observation data or boundary observation data of the solution. As mention before, the proof relies upon the
Bukhgeim-Klibanov method.

Step 1: Auxiliary system. First of all, we consider two external sources F; = Rf;, F» = Rf> and the corre-
sponding solutions to (1.1), y and y, respectively.
Let us define u(x, t) := y(x, t) — ¥(x, t) and G(x, t) = R(x, t)(f1(x) — f2(x)). It follows that u satisfies the
system
Up + Uyxx — Uxx + YUy + YU = G(x, t)  in(0,L) x (0, T),

uo,t)=u(L,t)=0 in (0, 7),
(4.1)
ux(L, t) = ux(0,t) on(0, 1),
u(-,0)=0 in (0, L).
In order to apply the Bukhgeim—Klibanov method, we consider z := u;, which satisfies
Zt + Zxxx — Zxx + YZx +YxZ = GF(;,T) in (0, L) x (0, 1),
z(0,t)=z(L,t)=0 in (0, T),
0,8)=z(L, t) 0,7 4.2)

Zy(L, t) = z4(0,t) on (0, 7),
z(-,0)=G(-,0) in(0,L),

where G(x, ) = G¢(x, t) - Jellx - Yxell.

Observe that f;, f> appears not only in the source term of (4.2), but also in the initial condition. In addi-
tion, although the Carleman estimate (3.6) is independent of initial data (see Proposition 3.1), we shall extend
system (4.2) to negative times in order to use such a Carleman inequality.

Step 2: Extension to negative time. Now we extend the systems (4.1) in u and (4.2) in z to negative times. To
do this, we define the symmetric extension of any function g defined on [0, L] x [0, T] by

ce g(x, t) in [0, L] x [0, T],
g (Xy t) = .
g(L-x,-t) in|0, L] x [-T,0).
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DE GRUYTER C. Montoya, Inverse source problems for the KdVB equation =— 13

In a similar way, we define the anti-symmetric extension to [0, L] x [-T, T] of any function g defined on
[0, L] x [0, T] by
X, t in [0, L] x [0, T1,
et | 80 [0, L] x [0, T]
-g(L-x,-t) in[0,L] x[-T,0).
One should observe that this extension satisfies g5°g5° = (g182)¢¢. Besides, any idea of extending the solu-

tion z of (4.2) to negative times is closely linked to extend the solutions y, y of (1.1) to negative times and
assume that the initial data z( -, 0) satisfies |z(x, 0)| = z(L — x, 0) for all x € [0, L], that is,

IR(x, 0l If1(x) = f2001 = R(L = x, 0)(f1(L - x) - fo(L = x)) forallx € [0, L].

Thus, without loss of generality, we define the symmetric extension of the solution y (resp. y) of (1.1) to
negative times. Let v := z¢¢ on [0, L] x [T, T]. It is easy to verify that v satisfies the system

Ve + Vaex = Vax + 7%V + Y8V = Gae(x, t)  in[0, L] x [T, TJ,
viO,t)=v(L,t) =0 in (0, T),
0,8 = (L, t) 0,7 .3)
VX(L’ t) = VX(O’ t) on (_T’ T)’

v(-,0)=G(-,0) in(0,L).

The main equation of (4.3) is eligible for the Carleman estimates of Proposition 3.1 and Proposition 3.2
with a(x, t) = y¢¢ and b(x, t) = y¢¢. Moreover, the regularity over the functions a and b is fulfilled thanks
to Proposition 2.4.

4.1 Internal measurements

Proof of Theorem 1.3, case (I). From step 1 of the proof of Proposition 3.1, let us define w := e~5%v satisfy-
ing Liw = W¢ + Wyxx + 35%(ax)>wy and w(0, t) = w(L, t) = 0, w(-, +T) = 0 in (0, L). Thus, if we multiply the
expression L, w by w and integrate it over (0, L) x (-T, 0), we have

L
J wLiwdxdt = W(W¢ + Wiy + 352 ()2 wy) dx dt
0

q%o
q%o

Il
I

L 0
- % Iw(x, )2 dx - ( j WyWae dx dt + 352 J DxPrx2 W] dx dt).
0 T

»-]'—.o
O e ~

H

Using ¢ € C*([0, L]) and the Cauchy-Schwartz inequality, we have
T L
H1 < € [ [ (8267w + wil? + lwi) dx i,
“TO

where C is a positive constant independent of F and w(x, 0). Estimating the term sJ by Carleman inequality
(3.6), by choosing s large enough, the term |H| can be absorbed by the left-hand side of (3.6). Therefore, the
associated term to |w(x, 0)|? can be estimated by

L T L
s le(x, 0)|? dx < 25 J J|W|2 dxdt+2 | ||ILiw]? dx dt + 2s|H|
0 T

Le—o
O e 1~

T L
< C(I J-l 2 7250‘ dx dt + JJ(55€5|W|2 +s€|Wxx|2)dth>,
-T O

wx(-T,T)

where C is a positive constant independent of F.
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14 — (. Montoya, Inverse source problems for the KdVB equation DE GRUYTER

Using the fact that a is even in time and w = e™5%v = e5%2°€, there exists a positive constant C indepen-
dent of F such that

L
s JlG(x, 0)[? 2520 gy
0

%
%

|Ga€|2e=25% dx dt + ” $28°|2%¢|2e7 250050 dx dt + ”(53{3 |28 + 5&|2%¢]%)e %% dx dt>
wx(CT,T) wx(CT,T)
T

|G 27252 dx dt + ” SSE12(x, H2e %D dx dt

| |
e D T B R Y
o~_r.. o~_‘h

(=}

+

J s°&%|z(L - x, t)|> e 250L=X0 gy dt

w

S3§B(|ZX(X, t)lze—Zsa(X,t) + |ZX(L - X, t)|Ze—ZSlX(L—X,t)) dx dt

+

+
Oty Oy O—
€ e, 8 —

sE(IZxx (X, D220 4 |z (L - x, 1)|?e7254E%0) dx dt). (4.4)

On the other hand, using the definition of G% and hypothesis (H2), the fact that a, ¢ are even in time, and
Ve, Vxt € L®((0, L) x (0, T)) (see hypothesis (H1)), there exists a positive constant C = C(L, T, M1, M) such
that

T L
J J|Gae|2 e % dxdt < | [1Ge(x, t) = Jeuy — yxeul? (e72540 + e72540=00) gx dt
TO

Ot

f
0
TL
CI Il (x, )2(e-2500.0) 4 g=25a(L-X.0)) gy ¢
00

TL
+ CJ J(|u|2 + |uX|2)(e—25a(X,t) + e—ZSO((L—X,t)) dx dt
00

T L

Jlfl(x) ~F0OPE0 dr € [ [Queel + gt )e 00 dxde. (4.5)
0 0
f

T
Thus, if I,x(0,1)(2) denotes the local terms in the right-hand side of (4.4), then, from (4.4) and (4.5), we get
L L
s {160 07625 dx < € [Ifi 0 - £0012e 500 do + Clngo, (@
0 0

T L
+C J j( ee|2 + |u ) =2sa(x,t) dx dt. (4.6)
-T 0

Finally, in order to obtain the first main result of this paper, we need to estimate the last term on the right-hand
side of (4.6). To do this, we apply the Carleman inequality given in Proposition 3.1 to the equation satisfied
by u®¢, which is the extension of (4.1) to negative times with a(x, t) = y°¢ and b(x, t) = y¢¢. Thus we have

T L
J J(|uee|2 + |u)e(e|2)e—25a(x,t) dx dt < C( j JlGae|Ze—ZSa dx dt + JJ (55)5|uee|2€—23a dx dt
-ro -TO wx(~T,T)
([ squssire e axae)

wx(-T,T)

< C(jm(x) — fr(0)2e7258x0) gy 4 wam,n(u)). (4.7)
0
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Putting together (4.6) and (4.7), we obtain
L L
s 160, 040 dx < € 1100 - F0012e 5 dx+ Clusio,n @)+ +Cluso.n (@) (4:8)
0 0

The first result of Theorem 1.3 follows from (4.8) and assumption (H3). O

4.2 Boundary measurements

Proof of Theorem 1.3, case (II). We apply the above scheme, although using the weight functions i, &, B
defined in (3.15)-(3.18) as well as the Carleman inequality with boundary terms, Proposition 3.2. Thus
there exists a positive constant C independent of F such that

L T
2
S J|W(X, 0)|“ dx < C(J;

where w := e 5By satisfies L1w = W + Wiy + 352(By)>wy as well as w(0,t) = w(L,t) =0, w(-,+T) =0 in
(0, L), and v := z° satisfies system (4.3).
Replacing w := e~fv = e~fz¢ and using the boundary conditions of z given in (4.2), we can deduce

O t— ~

T
|Ga€|2e~25P dx dt + J [$>E3 1wy (0, )% + sEWx (0, 1)]?] dt),
-T

T
|Ga€|2e=25F dx dt + j [s2£31289(0, £)|2 + s&1285(0, t)[2]e 2P0 dt)

L
s le(x, 0)|2e25B0) gy < c(
0 -T

%

T
Ino(2) = j[s%ﬁ |z (L, )% + s&(1zxx (0, O)* + |zxx (L, )]?)]e 2P0 gt
0

|Ga€|2e~25P dx dt + Ibo(z)>,

I I
e e R R
C—i~ O —~

where

Note that estimate (4.5) associated to the source term |G?|? is independent to the type of observation,
and therefore we can use it. Hence there exists a positive C such that

L
s JIG(X, 0)[2e 2% dx < C | If1 (%) - 2012725450 dx + Clno(2) + C | | (u€)? + [uS|?)e 2FXD dx dt
0

L—y
O e 1~

< C [If100 = /0012725950 dx 4 Clpo(u) + Clio(2).

Ot Ot

Observe that the last estimate was obtained using the Carleman estimate with boundary term (3.19), Propo-
sition 3.2, to the equation satisfied by u®¢, which is the extension of (4.1) to negative times with a(x, t) = y°©
and b(x, t) = y&.

Finally, (H2) allows to finish the proof of the second case of Theorem 1.3. O

4.3 Measurements at a fixed time

The Lipschitz stability result given in Theorem 1.6 is proved in this subsection via Carleman estimates and
employing the method developed in [8, 12] for the Navier—Stokes and Boussinesq systems, respectively. It is
worthwhile to highlight that Proposition 3.1 and Proposition 3.2 hold true over [0, L] x (0, T) by replacing
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16 —— C. Montoya, Inverse source problems for the KdVB equation DE GRUYTER

the weight functions (3.5) and (3.18) by a(x, t) = ¢(x){(t) and B(x, t) = P(x){(t), respectively, where

. t, o<t<T
(O=rpp and  LO=7T-t, Mcot<T, (4.9)

L(to) > €(t) >0, te(0,ty) uUl(ty,T).
Henceforth, let us denote

Liocal,to(U) = lull2(0,1;12(w)) + 1U(-, to)llm3 0,1,
Lo, t, (W) = lux(0, Ha200,1) + lttxx (0, E2(0,7) + (-, to)llH3(0,1)-
Now we are ready to prove Theorem 1.6.
Proof of Theorem 1.6. (i) From systems (4.1) and (4.2) defined in step 1, let w := z; = uy satisfy
Wi+ Wyxx — Wy + YWy + yxw = G¥(x, t) in (0, L) x (0, T),
w(0,t) =w(L,t)=0 in (0, 7),

Wy (L, t) = wx(0,t) on (0, T),
w(-,0)=wo(-) in (0, L).

where

G"(x, t) = Ge(X, t) = VerUx — 2V elixe — Vet — 2YxtlUt
and wy is an appropriate initial datum.

Thus, applying the Carleman inequality with local terms (see Proposition 3.1) to u, z, w with a defined
by (4.9), we can deduce

I(u) + I(z) + I(w) < C(

%

L
J(IGI2 +1GI? +1GY*)e > dx dt + leocal,to(u)>
L

Sty O —

0
j(|G|2 PG + [GulP)e 2 dx dt +
0

Ot

L
letux + yyeu|?e % dx dt
0

+

Ot

L
J|)7ttux + 2V¢zx + Vel + 2yxezl’ e 25 dxdt + leocal,to(u))’
0

where I(-) is the first term in the left-hand side of Carleman inequality (3.6). Proposition 2.6 and hypothe-
sis (H1) allow us to absorb the second and third terms in the right-hand side by the left-hand side in the above
inequality. It implies the existence of a positive constant C depending on M; such that, forall s > C,

TL
I(w) + I(z) + I(w) < C<j J(|G|2 +1Gel* + |Gy|*)e > dx dt + leocal,to(u)). (4.10)
00

On the other hand, since ((t)e‘zs"‘("’t) goes to zero when t tends to zero, for all x € [0, L], we have

L L
4
S
% [t )25 dx < ¢ [ @2 0x, o), o) Pe 250 dx
0 0
t

0 L
0 0
L

to
st J J(Zaatlutlz + 2% ueug - 2sa® aglue|?)e 2580 dt dx

00
LT

< Cj j(s“c3|ut|2 + 5" Cludlugl + 5°C )10 dt dx.
00
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Note that the right-hand side is upper bounded by the left-hand side of (4.10). Besides, hypothesis (H3) allows
to estimate the source terms in (4.10). Putting together this information, for all s > 0 large enough, we obtain

L T L
s Jlu,(x, to)|2e 250050 gy < c(J Juf1 pPe % dxdt + leocalgto(u)) (4.11)
0 00

Evaluating the main equation of (4.1) in t = ty forall x € (0, L),

G(x, to) = ue(x, to) + Uxxx(X, to) — Uxx(X, to) + Y(X, to)ux(X, to) + yx(x, to)u(x, to),

and using assumptions (H1) and (H3), there exists a positive constant C such that, for all s > 0 large enough,
L T L
s JlG(x, to)|2e 2580500 gy < c<j j|f1 _plPe v dxdt + leocal,to(u))
0 00

Since —a(x, to) = —a(x, t) for all x € (0, L) x (0, T) (see (4.9)), after using (H3), the previous inequality

yields
L L

s4 J'fl _f2|2e—25a(x,to) dx < C(I|f1 _f2|Ze—2stx(x,to) dx + leocal,to(u)>’
0 0
and taking s > 0 large enough, the first term on the right-hand side can be absorbed by the left-hand side.
(ii) The proof of this case follows the previous structure. In order to obtain an inequality analogous
to (4.10), we now apply the Carleman estimate with boundary terms (see Proposition 3.2) with 8 defined
by (4.9). Thus, forall s > C,

TL
Jw) +J(2) + J(w) < C(I J(|G|2 +1Gel? +1Ge|?)e > dx dt + Lﬁoyto(u))
00

Here J(-) denotes the term on the left-hand side of Carleman inequality (3.19).
Note that (4.11) can be transformed to this case by considering B instead of a and Lﬁo’to(u) instead
of £2 . (u).Itis implied that

local, to
L L

s* j|G(x, to)|? e 2P10) dx < c(jm ~ fo? e 2Pt) dx 4 Lﬁo,to<u>),
0 0

and again, using (H3) and taking s > 0 large enough, the first term on the right-hand side can be absorbed by
the left-hand side.
Therefore, the proof of Theorem 1.6 is complete. O

Acknowledgment: The author would like to thank the anonymous referees for their helpful suggestions and
comments that modified the final version of article.

Funding: This work has been partially supported by Fondecyt grant 3180100.

References

[1] S.Asiriand T.-M. Laleg-Kirati, Modulating functions-based method for parameters and source estimation in
one-dimensional partial differential equations, Inverse Probl. Sci. Eng. 25 (2017), no. 8, 1191-1215.

[2] L.Baudouin, E. Cerpa, E. Crépeau and A. Mercado, On the determination of the principal coefficient from boundary
measurements in a KdV equation, J. Inverse Ill-Posed Probl. 22 (2014), no. 6, 819-845.

[3] A.-C.Boulangerand P. Trautmann, Sparse optimal control of the KdV-Burgers equation on a bounded domain, SIAM /.
Control Optim. 55 (2017), no. 6, 3673-3706.

Brought to you by | Universidad Tecnica Federico Santa Maria
Authenticated | cristhian.montoya@usm.cl author's copy
Download Date | 4/10/19 2:34 PM



18

=

[10]

[11]

[12]

[13]

[14]

[15]

[16]
[17]

(18]
[19]

[20]
[21]
[22]
[23]
[24]
[25]

[26]

[27]
[28]

[29]

[30]

[31]

[32]

[33]

[34]

= (. Montoya, Inverse source problems for the KdVB equation DE GRUYTER

A. L. Bukhgeim and M. V. Klibanov, Global uniqueness of a class of multidimensional inverse problems, Soviet Math. Dokl.
24 (1981), 244-247.

J. M. Burgers, Application of a model system to illustrate some points of the statistical theory of free turbulence, Nederl.
Akad. Wetensch. Proc. 43 (1940), 2-12.

R. A. Capistrano-Filho, A. F. Pazoto and L. Rosier, Internal controllability of the Korteweg—de Vries equation on a bounded
domain, ESAIM Control Optim. Calc. Var. 21 (2015), no. 4, 1076-1107.

E. Cerpa, C. Montoya and B. Zhang, Local exact controllability to the trajectories of the Korteweg—de Vries-Burgers
equation on a bounded domain with mixed boundary conditions, preprint (2019), https://arxiv.org/abs/1902.11270.

M. Choulli, O. Y. Imanuvilov, J.-P. Puel and M. Yamamoto, Inverse source problem for linearized Navier-Stokes equations
with data in arbitrary sub-domain, Appl. Anal. 92 (2013), no. 10, 2127-2143.

M. Choulli and M. Yamamoto, Some stability estimates in determining sources and coefficients, J. Inverse Ill-Posed Probl.
14 (2006), no. 4, 355-373.

N. Cindea and A. Miinch, Inverse problems for linear hyperbolic equations using mixed formulations, /nverse Problems 31
(2015), no. 7, Article ID 075001.

H. Egger, H. W. Engl and M. V. Klibanov, Global uniqueness and Holder stability for recovering a nonlinear source term in
a parabolic equation, Inverse Problems 21 (2005), no. 1, 271-290.

J. Fan, Y. Jiang and G. Nakamura, Inverse problems for the Boussinesq system, Inverse Problems 25 (2009), no. 8, Article ID
085007.

G. Gao, A theory of interaction between dissipation and dispersion of turbulence, Sci. Sinica Ser. A 28 (1985), no. 6,
616-627.

G. C. Garcia, C. Montoya and A. Osses, A source reconstruction algorithm for the Stokes system from incomplete velocity
measurements, Inverse Problems 33 (2017), no. 10, Article ID 105003.

G. C. Garcia, A. Osses and M. Tapia, A heat source reconstruction formula from single internal measurements using

a family of null controls, J. Inverse Ill-Posed Probl. 21 (2013), no. 6, 755-779.

P. N. Hu, Structure of a perpendicular shock wave in a plasma, Phys. Fluids 9 (1966), 89-98.

0. Y. Imanuvilov and M. Yamamoto, Global Lipschitz stability in an inverse hyperbolic problem by interior observations,
Inverse Problems 17 (2001), no. 4, 717-728.

V. Isakov, Inverse Source Problems, Math. Surveys Monogr. 34, American Mathematical Society, Providence, 1990.

C. Jia, Boundary feedback stabilization of the Korteweg—de Vries—Burgers equation posed on a finite interval, J. Math.
Anal. Appl. 444 (2016), no. 1, 624-647.

D. Jiang, Y. Liu and M. Yamamoto, Inverse source problem for the hyperbolic equation with a time-dependent principal
part, /. Differential Equations 262 (2017), no. 1, 653-681.

R. S. Johnson, Shallow water waves on a viscous fluid—The undular bore, Phys. Fluids 15 (1972), 1693-1699.

M. V. Klibanov, Inverse problems and Carleman estimates, /nverse Problems 8 (1992), no. 4, 575-596.

M. V. Klibanov, Carleman estimates for global uniqueness, stability and numerical methods for coefficient inverse
problems, J. Inverse Ill-Posed Probl. 21 (2013), no. 4, 477-560.

M. V. Klibanov and J. Malinsky, Newton-Kantorovich method for three-dimensional potential inverse scattering problem
and stability of the hyperbolic Cauchy problem with time-dependent data, Inverse Problems 7 (1991), no. 4, 577-596.

D. ). Korteweg and G. de Vries, On the change of form of long waves advancing in a rectangular canal, and on a new type of
long stationary waves, Philos. Mag. (5) 39 (1895), no. 240, 422-443.

P. Loreti, D. Sforza and M. Yamamoto, Carleman estimate and application to an inverse source problem for a viscoelasticity
model in anisotropic case, Inverse Problems 33 (2017), no. 12, Article ID 125014.

J. W. Miles, The Korteweg-de Vries equation: A historical essay, J. Fluid Mech. 106 (1981), 131-147.

A. Miinch and D. A. Souza, Inverse problems for linear parabolic equations using mixed formulations—Part 1: Theoretical
analysis, J. Inverse Ill-Posed Probl. 25 (2017), no. 4, 445-468.

A. |. Prilepko, D. G. Orlovsky and I. A. Vasin, Methods for Solving Inverse Problems in Mathematical Physics, Monogr.
Textb. Pure Appl. Math. 231, Marcel Dekker, New York, 2000.

K. Sakthivel, S. Gnanavel, A. Hasanov and R. K. George, Identification of an unknown coefficient in KdV equation from final
time measurement, J. Inverse Ill-Posed Probl. 24 (2016), no. 4, 469-487.

K. Sakthivel and A. Hasanov, An inverse problem for the KdV equation with Neumann boundary measured data, /. Inverse
Ill-Posed Probl. 26 (2018), no. 1, 133-151.

P. Stefanov and G. Uhlmann, Recovery of a source term or a speed with one measurement and applications, Trans. Amer.
Math. Soc. 365 (2013), no. 11, 5737-5758.

L. van Wijngaarden, One-dimensional flow of liquids containing small gas bubbles, Ann. Rev. Fluid Mech. 4 (1972),
369-396.

M. Yamamoto, Stability, reconstruction formula and regularization for an inverse source hyperbolic problem by a control
method, Inverse Problems 11 (1995), no. 2, 481-496.

Brought to you by | Universidad Tecnica Federico Santa Maria
Authenticated | cristhian.montoya@usm.cl author's copy
Download Date | 4/10/19 2:34 PM


https://arxiv.org/abs/1902.11270

	Inverse source problems for the Korteweg–de Vries–Burgers equation with mixed boundary conditions
	1 Introduction
	2 Preliminary results
	2.1 Linear problem
	2.2 Nonlinear problem

	3 Carleman inequalities
	3.1 Carleman estimate with local terms
	3.2 Carleman estimate with boundary terms

	4 Inverse problems
	4.1 Internal measurements
	4.2 Boundary measurements
	4.3 Measurements at a fixed time



