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RESUMEN DE LA MEMORIA PARA OPTAR

AL GRADO DE DOCTOR EN CIENCIAS DE LA INGENIERIA,
MENCION MODELACION MATEMATICA

POR: CRISTHIAN DAVID MONTOYA ZAMBRANO

FECHA: AGOSTO 2016

PROF. GUIA: AXEL OSSES ALVARADO

INVERSE SOURCE PROBLEMS AND CONTROLLABILITY FOR THE STOKES AND
NAVIER-STOKES EQUATIONS

This thesis is focused on the Navier-Stokes system for incompressible fluids with either
Dirichlet or nonlinear Navier—slip boundary conditions. For these systems, we exploit some
ideas in the context of the control theory and inverse source problems. The thesis is divided
in three parts.

In the first part, we deal with the local null controllability for the Navier—Stokes system
with nonlinear Navier—slip conditions, where the internal controls have one vanishing com-
ponent. The novelty of the boundary conditions and the new estimates with respect to the
pressure term, has allowed us to extend previous results on controllability for the Navier—
Stokes system. The main ingredients to build our result are the following: a new regularity
result for the linearized system around the origin, and a suitable Carleman inequality for the
adjoint system associated to the linearized system. Finally, fixed point arguments are used
in order to conclude the proof.

In the second part, we deal with an inverse source problem for the N- dimensional Stokes
system from local and missing velocity measurements. More precisely, our main result estab-
lishes a reconstruction formula for the source F(x,t) = o(t)f(z) from local observations of
N — 1 components of the velocity. We consider that f(x) is an unknown vectorial function,
meanwhile o(t) is known. As a consequence, the uniqueness is achieved for f(x) in a suitable
Sobolev space. The main tools are the following: connection between null controllability and
inverse problems throughout a result on null controllability for the N- dimensional Stokes
system with N — 1 scalar controls, spectral analysis of the Stokes operator and Volterra in-
tegral equations. We also implement this result and present several numerical experiments
that show the feasibility of the proposed recovering formula.

Finally, the last chapter of the thesis presents a partial result of stability for the Stokes
system with Dirichlet boundary conditions and when local and boundary measurements are
available, for a source F(z) = R(x)g(x), where R(z) is a known vectorial function and g(x) is
unknown. This result involves the Bukhgeim-Klibanov method for solving inverse problems
and some topics in degenerate Sobolev spaces.
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PROBLEMAS INVERSOS DE FUENTE Y CONTROLABILIDAD PARA LOS
SISTEMAS DE STOKES Y NAVIER-STOKES

Esta tesis esta enfocada en el sistema de Navier-Stokes para fluidos incompresibles con
condiciones de borde Dirichlet y Navier-slip no lineales. Para estos sistemas, exploramos
algunas ideas en el contexto de la teoria de control y problemas inversos de fuente. La tesis
esta dividida en tres partes.

En la primera parte, estudiamos la controlabilidad local a cero para el sistema de Navier—
Stokes con condiciones Navier-slip no lineales, donde los controles tienen una componente
escalar nula. La novedad de las condiciones de borde y las nuevas estimaciones para el ter-
mino de presién, nos ha permitido extender anteriores resultados en controlabilidad para el
sistema de Navier—Stokes. Las ideas principales para construir nuestro resultado principal
son: un nueva resultado de regularidad para el sistema linealizado alrededor de cero, una
nueva desigualdad de Carleman para el sistema adjunto asociado al sistema linealizado. Por
ultimo, resultados de la teoria de punto fijo son usados para concluir la demostracién.

En la segunda parte, abordamos un problema inverso de fuente para el sistema de Stokes en
dimension N a partir de mediciones locales y faltantes de la velocidad. Precisamente, nuestro
resultado principal establece una formula de reconstruccién para la fuente F(z,t) = o(t) f(x)
a partir de observaciones locales de N — 1 componentes de la velocidad. En la fuente consid-
erada, f(z) es una funcién vectorial desconocida, mientras que o(t) es una funcién escalar
conocida. Como una consecuencia del resultado anterior, la unicidad de f(x) en cierto es-
pacio de Sobolev es obtenida. Las principales herramientas son: a resultado sobre control
a cero para el sistema Stokes con N — 1 controles escalares, andlisis espectral del operador
de Stokes y ecuaciones integrales de Volterra. La implementacién de nuestros resultados
también es presentada junto con varios ejemplos numéricos que muestran la factibilidad de
nuestra formula de reconstruccion.

Finalmente, el dltimo capitulo de la tesis presenta un resultado parcial de estabilidad
para el sistema de Stokes a partir de mediciones internas y de borde de una componente de
velocidad, para una fuente F'(x) = R(x)g(x), donde R(x) es una funcién vectorial conocida y
g(x) es desconocida. Este resultado involucra el método de Bukhgeim-Klibanov para resolver
problemas inversos y algunos topicos en espacios de Sobolev degenerados.
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Chapter 1

General introduction

In many areas of science and technology the mathematical analysis of fluid dynamics plays an
important role. For instance, in ship industry, turbomachninery, airplane industry, meteorol-
ogy, oceanography, medicine, among others. We can begin quickly saying that a fluid consists
in a large number of molecules in motion without a precise structure (different to a solid). A
first approach to study a fluid might involve writing down the equations of motion for each
one of the particles by considering their interactions (for instance, collisions, characterized
by the mean free path, but also long-range interactions). In many physical situations, if the
mean density of the fluid is not too low, i.e., if the characteristic lengths of the problem are
large compared to the mean free path of the particles, then the fluid can be considered as a
continuous medium. Thus, the movement of the particles can be considered as a whole and
not independently for each particle. Hence, we can define quantities that characterize the
system: velocity, density, pressure, and so on.

Additionally, in fluid mechanics there are two classical coordinate system in which the var-
ious equations of motion can be written: Lagrangian and Eulerian coordinates. Lagrangian
coordinates are associated with a fluid particle (or a fluid volume element) and follow it
throughout its evolution. By contrast, Eulerian coordinates are the coordinates of the fixed
reference frame associated with the experiment. In other words, the Eulerian description is
based on the determination of the velocity of the fluid particle passing through a point x at
time t. The Eulerian approach introduced by Euler in the eighteenth century, will be used
in this work as the usual framework to study its controllability properties.

1.1 Navier-Stokes equations for an incompressible fluid

Inside of the fluid mechanics we find the Navier-Stokes equations of fluid dynamics, which
are a formulation of Newton’s laws of motion for a continuous distribution of matter in the
fluid state, characterized by an inability to support shear stresses. In this thesis, we present
a derivation for the Navier—Stokes system from a viewpoint of the physics elements contained



in the equations, although they may be derived systematically from the microscopic descrip-
tion in terms of a Boltzmann equation, with some additional fundamental assumptions. See
for instance [Bac67], [Tril2], [Nav23] and[DG95].

The equations of motion

The dependent variables in the so-called Eulerian description of fluid mechanics are the
fluid density p(z,t), the velocity vector field u(z,t), and the pressure field p(z,t). Here, an
x € RY is the spatial coordinate in a N- dimensional space, with N =2 or N = 3.

A infinitesimal element of the fluid of volume 0V located at position z at time t has mass
dm = p(x,t)0V and it is moving with velocity u(x,t) and momentum dmu(x,t). The normal
force directed into the infinitesimal volume across a face of area nda centered at x, where n
represents the unit vector normal to the face, is —npda. The pressure is the magnitude of
the force per unit area, or normal stress, imposed on elements of the fluid from neighboring
elements, see Figure [L.1]

0z

T

Figure 1.1: A fluid element of volume 6V = dxdydz located at position X. The top surface’s
outward pointing normal n is shown.



On the other hand, the rate of change of a quantity given by the function f(z,t) at a fixed
point z in space is simply the partial derivative with respect to time:

df(z,t)

dt

However, the rate of change of the same quantity at z, as measured by an observer moving
with velocity wu is:

df(z,t) Y flx +udt,t+6t) — f(x)  Of(z,t)
dt aiso 5t ot

+u-Vf(x,t).

We refer to this rate of change with respect to an observer moving with the fluid, as the
convective derivative. Then, we have

df(x,t)  Of(x,t)
dt = ot

+u-Vf(z,t).

Now, we will use the previous definition in the following. Consider the volume 0V of an
element of mass dm as the system involves. Conservation of mass means that dm does not
change for this element. If the element compress or expands then the volume and density

will change, but the mass is fixed:
dom

dt
The rate of change of the volume occupied by dm is given by (see [Tril2]):

—0. (1.1)

doV
— = (V- u)iV. 1.2
= (V) (12)
Hence the divergence V -u of the velocity vector field is the local rate of change of the volume

of elements of mass. In terms of the density p this corresponds to:

d d om om doV

dt  dtoV (0V)? dt
Then, using the previous definition of convection derivative, we see that conservation of mass
manifests itself as the continuous equation:

dp

0=%

+ V- (pu). (1.4)

From Newton’s second Law of motion, which states that the rate of change of momentum
equals the net applied force, can be applied to each element of mass in the fluid. Thus, in
the absence of any externally applied forces, the net force § F' acting on each element of mass
is due to the pressure field. Then, the component of force in the = direction is (see Figure

)
SFy = p(z —16x/2,1)0ydz — p(x +102/2,1)0ydz = —g—ié‘f. (1.5)

Therefore, Newton’s second law for the element of mass dm at position x and time ¢ is

d(dmu(zx,t))

- — 6F = —§VVp. (1.6)
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Figure 1.2: The pressure force acting on the front and rear of a fluid element

Recalling the equation of conservation of mass ((1.1)) and dividing through by ém we deduce
the equations

%—FU-VUZ —%Vp, (1.7)
called the Fuler’s equations. Therefore, by combining the Euler’s equations and the continu-
ity equation , we obtain N + 1 evolution equations for the N + 2 dependent variables
(N components of the velocity u, the density p and the pressure p). What remains is to
provide a relationship between the density and pressure. Typically this given in the form of
a thermodynamic equation of state. For example, in an ideal gas at constant temperature,
p R p.

A significant simplification is achieved by considering fluids which are effectively incompress-
ible, but, does this mean?. Physically, this condition is applied to problems where all the
relevant velocities are much smaller than the speed of sound in the fluid. The continuity
equation then implies that the derivative of the density vanishes, so the density of each
fluid element never changes from its initial value, so that

p(x,0) = cte = p(x,t) = cte.

In synthesis, the flow of a fluid is said to be incompressible if one of the following equivalent
properties is satisfied (see [BF12]):

i) The volume of any fluid element is constant along the time.

ii) The velocity field u is divergence-free (it is also said to be solenoidal):
V-u=0.
iii) The density p is constant along the trajectories associated with the velocity field w.

4



Then, Euler’s equations for an incompressible homogeneous fluid are:

ou 1
E—i—qu—l—;Vp—O (1.8)

and
V.u=0, (1.9)

where the density is now a parameter and moreover we have N + 1 equations for the N + 1
unknowns variables. Observe that a flow can be incompressible even if the density is not
constant. It is only required that the density of a particle of fluid remain constant during the
evolution. As an example of a non homogeneous incompressible flow we can consider water
in the ocean, whose density depends on the salinity but which is nevertheless incompressible.

In order to derive the Navier-Stokes equations, it is necessary to consider the viscosity
in the fluid. Viscosity is a measure of the diffusion of momentum due to the microscopic
molecular nature of real fluids, and its effect is to produce a resistance to shearing motions.
As such, it is a frictional force with its origins in the microscopic interactions between the
atoms or the molecules making up the fluid. Its net effect is to dissipate in an organized
way, macroscopic forms of energy - the kinetic energy in the flow field - and convert it to the
disorganized, microscopic form of energy, heat ( see [Tril2] for more details). Shearing forces
in continuum mechanical systems are described by the stress tensor. The tensional nature
of these forces results from the fact that there are two directions associated with each such
force, the direction of the force itself and the orientation of the area across which the force
acts.

Consider a rectangle shaped portion of fluid, centered at the point (x,y, z) with side lengths
(0x,dy,0z), as Figure . The component o;; of the stress tensor o is the force per unit
area in the jth direction acting across an area element whose normal is in the ith direction.
Forces in the direction of the normal to an area element are associated with the pressure,
while those that acts in the plane of the element are associated with shear stresses. Newton’s
third law implies that forces of equal magnitude and opposite direction act on the sides due
to the matter on the sides. Adding these forces, the net force on the fluid element in the jth
direction is

O0F; = oj(x+0x/2,y,2)0y0z — oy(x — 0x/2,y, 2)0ydz
+09(z,y + 0y /2,2)0xdz — 09j(x,y — 0y/2, 2)0x02
+o3;(z,y, 2+ 02/2)0xdy — o35(x,y, 2 — §2/2, z)0xdy.

Hence the force per unit volume acting at a point in the fluid due to stress within the fluid
is the divergence of the stress tensor, i.e.,

oF
W—V'O’.

When the torque acts on the volume element due to the stress tensor o, the z component of
torque is:

N3 =k- ZT‘ X 0F = (0'12 — 0'21)51'(5y52

faces
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Figure 1.3: Several components of the stress tensor acting on a fluid element located at X.
The force acts on the sides of the faces of the element as indicated by the positions of the
vectors in red. For example, the horizontal force acting on the element due to the stress at
the bottom face is —o91(x,y — 0y /2, 2)0xdz.

and the z component of the inertia tensor is
1
I33 = ﬂ(&vQ + 6y*) pdadydz.

Then, typical associated angular accelerations are

% _ 012 =021 1
I33 p x40y

The necessity if a symmetric stress tensor is then apparent in order to realize a consistent
continuum limit as dx — 0, dy — 0 and 6z — 0.

The stress tensor can be represented into portions due to the pressure p and the symmetric
stress tensor Ti;, that is

oyj = —0i;p + Tij, (1.10)
where d;; is the Kronecker Delta function. Thus, the general form of the equation of motion
for the velocity vector field u, referring to (1.5))-(1.7) is

ou 1 1
— . - =-V-T. 1.11
5 +u-Vu+ pr pV (1.11)

The rate of strain tensor may be defined as that controlling the evolution of the relative
positions of points in a fluid element. Let dx denote infinitesimal displacement of two points



in the fluid, one at x and the other at x + dx. The rate of change of |dz|* corresponds to:

d . 5 Ou;  Ou;
_ — 2 . — — | — J
% |0z 0z - [u(z + dz) — u(z)] = dx; <8xj + 01

>5xj:5:c-D-5x,

where D represents the symmetric rate of the strain tensor (or symmetrized gradient). On
the other hand, the relationship between D and T is (see for instance [BF12]):

T = aD + BTr(D)I, (1.12)

where [ is the unit tensor and the constant «, 5 are material parameters. The components
of the viscous force per unit volume are then

0 V - u.

(V- -T) = aAu; + (20 + ) £

From the incompressible condition ([1.9) and previous identity, we obtain the incompressible
Navier-Stokes equations

1
%+u-Vu+;Vp:VAu (1.13)

V.u=0, (1.14)

where v is the kinematic viscosity. Compared to the incompressible Euler equations, the net
effect of the linear coupling between stress and rate of strain is to introduce the “ diffusion”
term at the right-hand side of (1.13)). The diffusion of momentum between neighboring ele-
ments of the fluid is indeed a new ingredient in the incompressible Navier-Stokes equations,
but there is also the matter of initial and boundary conditions that we will see in the following
paragraph.

Impermeable boundaries and initial condition

If the fluid is confined to a fixed region of space 2 bounded by 0%, the fluid cannot
cross the rigid boundaries. Thus, think that perhaps the simplest type of boundary is an
impermeable wall is appropriate, such as the side of a wake-tank or the hull of a ship. If the
boundary 0f2 is stationary, then the appropriate boundary condition for an fluid is

u-n=0 on 0,

where n represent the unit outward normal vector to the boundary. This ‘no-flow’ condition
states that the fluid does not flow through the boundary. An fluid can ‘slide’ over an imper-
meable boundary, and the tangential velocity is, in general, nonzero. However, observing that
the Navier-Stokes equation contain second-order spatial derivatives, they require additional
boundary conditions. The most usual used condition is a Dirichlet boundary condition for
the velocity, represented by

w=u, on 0f.

When u, = 0, it is called an homogeneous Dirichlet boundary condition or a no-slip condition
(this means that the fluid ‘sticks’ to the boundary).

7



On the other side, there are numerous researchers which have cast doubts on the universality
of the no-slip boundary conditions, showing that under certain circumstances fluid slip might
occur at the solid boundary (see for instance [Bac67], [LBSO7]). In presence of slip conditions,
C.L. Navier proposed in 1823 the Navier-slip boundary conditions by establishing that the
component of velocity tangential to the surface should be proportional to the tangential
component of the rate of stress at the surface, i.e.,

u-n=0, (o(u,p) -n)y=*k(u)yy, ondQ,

where ¢ was introduced in the previous section and tg stands for the tangential component
of the corresponding vector field, i.e. (see [Nav23|):

Wiy =w — (W - n)n.

In most of the situations, the Navier-slip boundary condition can be reduced to the no-
slip boundary conditions due to extremely small slip length. However, in some cases as
in the driven cavity flow problem or some turbulence problems, it has been shown that the
Navier-slip boundary condition is valid and removes un-physical singularities (see for instance

[Bac67], [LBSO7] and [Pan06]).

Finally, as the Navier-Stokes equations are an unsteady model, it is required to impose
initial conditions in order to define the evolution of the system, evidently in a suitable Banach
space. It has no mathematical meaning to impose an initial value for the pressure because
this unknown has the role of the Lagrange multiplier associated with the incompressible con-
dition and thus, is defined in some indirect way, see for more details the books [Tem01] and
[BE12].

In this thesis we consider homogeneous Dirichlet boundary conditions for the inverse
source problems of the Stokes system in Chapter 3 and Chapter 4, and nonlinear Navier-slip
boundary conditions for the control problem presented in Chapter [2]

On the existence, uniqueness and regularity of solutions

There is an extensive literature on this subject since the pioneer work of J. Leray in
[Ler33]-[Ler34], where he introduced many fundamental ideas. In [Ler34] he constructed a
global (in time) weak solution and a local strong solution of the initial value problem when
Q0 = R3. On the other side, H. Hopf proved the existence of a global weak solution of
the initial-boundary value problem. Such solutions are called Leray-Hopf solutions. When
the dimensional space is R? the Leray-Hopf solutions are unique and regular, see the works
[Lio69], [LP59], [LS69], [Ser63], [Tem01]. However, for N = 3 the uniqueness and regularity
of Leray-Hopf solutions are still important open problems.

On the other hand, although the energy estimate for solutions is fundamental to prove
that there is a global weak solution, meanwhile, if we discuss the existence of a unique local



strong solution, the semigroup method introduced in [FK64], [KF62] is more powerful that the
energy estimate, so each method has advantages and disadvantages. In fact, when N = 2,
the energy estimate is strong sufficient to prove the global existence of smooth solutions,
however, when N = 3 the energy method has been not capable to provide such a result. If
N = 3, it is possible to estimate the size of possible singular set of Leray-Hopf solutions,
using the energy estimate. The reader interested in this topics can review [CKN82|, [Sch7§]
and [Lio96] for more details.

1.2 Some aspects of the controllability in PDE’s

In general aspects, the control problem consists in given two states of the system determine
whether is possible to drive the establish system from the first state to the given second state
by means of an applied control to the system.

We consider an abstract linear dynamic system

dy
B — h
5 + A(y) = Bh,

y(70) =Y € Ha

(1.15)

where y is the wariable state in the state space H. The dynamic of the system depends of
the parameter h, called control function, thanks to which we can act on the evolution of the
state. The question that we ask is: is it possible for a given time 7" > 0 and two states of
the system o, y; to find a control h such that the solution y of (1.15) starting y(0) = yo
satisfies y(T') = 3;7. The properties of controllability for the system can be different
depending on the nature of the problem. In general terms we can distinguish the control in
ordinary differential equations (or finite-dimensional controls), the control in partial differen-
tial equations (or infinite-dimensional controls), the control in linear and nonlinear equations.
In this section we briefly describe some classical problems of the controllability for infinite-
dimensional systems modeled by partial differential equations.

We assume here that H is a Hilbert space, A is an operator with domain D(A) C ‘H. By Y
we denote the control space and B € L(Y,H).

There are many physical problems associated to the abstract framework , in partic-

ular the oscillate system (wave equation) and dissipative system (heat equation), for which
we recall some results below.
In the following, we assume that the Cauchy problem associated to is well-posed (with-
out considering the control problem), that means, assume that the operator A generates on
H a strongly continuous semigroup denoted by S(t) = e, with S € CO(R,; L(H)) (see for
instance [Paz12]). In contrast to the case of linear finite-dimensional control systems, see the
book [Son13], in the infinite-dimensional case many types of controllability are possible. We
define here three types of controllability.

Definition 1.1 Let T > 0. The control system ([1.15)) is exactly controllable in time T if,

for every yo € H and for every y, € H, there exists h € L*(0,T;Y) such that the solution y
of the Cauchy problem (1.15) satisfies y(T') = y.

9



Definition 1.2 Let T' > 0. The control system (1.15)) is null controllable in time T if, for
every yo € H and for every gy € H, there exists h € L*(0,T;Y) such that the solution of the

Cauchy problem (1.15)) satisfies y(T') = S(T')yo.

Let us point out that, by linearity, we get an equivalent definition of null controllability
in time T if, in the previous definition one assumes that gy = 0. This explains the usual
terminology null controllability.

Definition 1.3 Let T' > 0. The control system (1.15)) is approzimately controllable in time
T if, for every yo € H, for every y1 € H, and for every ¢ > 0, there exists h € L*(0,T;))
such that the solution y of the Cauchy problem (1.15) satisfies ||y(T) — y1||n < €.

Clearly exact controllability implies null and approximate controllability. However, when
S is a strongly continuos group of linear operator the converse is true, but in general aspects,
the converse is false (see [Cor(7], section 2.3.2).

Generally the controllability of a system is difficult to prove it directly, so it is convenient
to introduce an alternative method, the principal is called observability.
Let us introduce the system

88—12) = A"w in (0,7),
o(t) =Bwt) i (0,7T), (1.16)

w(T) =wr € H,

where A*, B are the adjoint operators of A and B respectively, and we assume that the
problem is well-posed backwards in time. In fact, the adjoint semigruop S*(t) = ' =94" is
generated by A* and the solution for the previous system can be written as w(t) = S*(t)wr.
The observability problem is the following: is it possible by observing only the quantity c(t),
to know the energy of the system at final time ¢ = 0, that is say [Jw(0)||3,?.

Definition 1.4 The system (1.16) is observable in time T > 0 if there exists a constant
C' > 0 such that for every wr € H, the solution of (1.16)) satisfies

T
le™ wr 3, = lw(0)]13, < C/ 1B w(#)|3,dt. (1.17)
0

This notion of observability is useful in many concrete situations when we wish to know
the state of the system from partial measurements, this is the case for example in meteorol-
ogy, images and more generality in the domain of inverse problems.

Another interest of observability resides in its connection with the controllability. We must
make the following assumptions of retrograde uniqueness (which verifies every linear system
in this thesis): every solution of that satisfies w(0) = 0 is identically zero.

It is known that J.-L. Lions in [Lio88] (among others authors) proved that the system
is observable in time 7" if and only if the system ([1.15]) is controllable to zero in time 7". The
proof of this result is based on a mathematical method called Hilbert Uniqueness method
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(HUM).
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Wave equation

There are many examples of wave equations in the physical sciences, characterized by os-

cillating solutions that propagate through space and time while, in lossless media, conserving
the energy. Examples include the scalar wave equation (pressure waves in a gas), Maxwell’s
equations (electromagnetism), Schrodinger’s equation (quantum mechanics), elastic vibra-
tions, and so on.
It is important to say that the wave equation is the most relevant hyperbolic partial differ-
ential equation, where the main properties of hyperbolic equations such as time-reversibility
and the lack of regularizing effects, have some important consequences in control problems
(see for instance [Puell]).

There is a huge literature on the controllability of linear wave equations for any space
dimension. One the best results on this subject has been obtained in [BLR88] and [BLR92]
for the system:

0%y .

@ — Ay = hle(O,T) in Qx (O,T),

y=0 on 90 x (0,7), (1.18)
Y = Yo, %:yl in Qx{t=0},

where h represents the control function that acts on the open subset w of {2 in time interval
(0,7). In these papers the authors proved that, in the class of C* domains, the observability
inequality associated to the previous system (for the null controllability) holds if and only if
(w,T) satisfy the following geometric control condition (GCC) in Q: every ray of geometric
optics that propagates in ) and reflected on its boundary 0N enters w in time less than T.
For instance, for a square domain €2, observability (controllability) fails if the control is sup-
ported on a set which is strictly smaller than two adjacent sides.

There are of course many other references which deal with the controllability of hyper-
bolic equations. See for instance the paper [GL] by Robert Gulliver and Walter Littman, the
books [FI96b] by A. Fursilov and O. Imanuvilov, [Lio91] by J.-L. Lions and [Kom94] by V.
Komornik, where one can find different results and useful references.

Heat equation

The heat equation governs heat diffusion, as well as other diffusive process, for instance, the
temperature distribution and evolution in a body occupying the region §2, particle diffusion
and so on. Some aspects respect to the control problems are described below. To get an idea,
let us consider the case of the linear heat equation with Dirichlet homogeneous boundary

12



conditions and distributed controls:

@ - Ay = hle(O T) in Qx (O,T),

ot ’ (1.19)
Y= on 0N x (0,7), '
y(+,0) = yo in Q.

Here, 2 C R is a bounded domain of class C?, w C € is an open set on which acts the
control h (h is a localized source of heat) and yp is the initial state, for instante, yo in L?(€2).
The system are characterized by nonreversibility, the dissipativity of the solutions,
that is, the fact that energy is lost along the trajectories, and the reqularizing effect. Taking
into account the regularizing effect, it is not possible to drive the solutions of exactly
for every final state in a suitable Sobolev space, except in the trivial case when w = €2, which
is not interesting. In this sense, the notion of null controllability is not relevant for parabolic
equations. Thus, the good notion of controllability is not to go from a given state to another
state in a fixed time, but to go from a given state to a given trajectory (notion equivalent to
the null controllability introduced in definition 1.2).

One can find that the controllability problems for parabolic equations has been analyzed
in several papers, among them, [LR95] where the author proved null controllability for sys-
tem using in the spectral properties of the Laplacian operator in order to construct
a control h. Also in [FI96D] the null controllability for the system ((1.19) is obtained, but
through an observability inequality for the adjoint system, where the main tools are Car-
leman inequalities. For another parabolic equations (linear and nonlinear) and its study in
controllability, the reader can see [FPZ95|, [Bar00], [FCGBGP06|, |Lio91] and [FI96b] for
more details.

1.3 Controllability for the Navier—Stokes equations

In this section we mention the different problems that exist in controllability for the Navier-
Stokes equations. The first idea corresponds to the global controllability results for incom-
pressible fluids modeling for this equations, which are based in the return method. Briefly,
this method goes as follows: Can find a trajectory of the nonlinear control system such that

a) It stars and ends at the equilibrium.

b) The linearized control system around this trajectory is controllable.

Thus, thanks to the implicit function theorem one can go from every state close to the equi-
librium to every other state close to the equilibrium.

Now, in order to define some aspects of the controllability for the Navier—Stokes equations,
we introduce some notation. Let N = 2 or N = 3 and let €2 be a bounded nonempty connected
open subset of RY with smooth boundary 9. Let Iy C 99 and wy be an open subset of
where the control acts.
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Definition 1.5 A trajectory of the Navier-Stokes control system on the time interval [0,T]
is a map y : [0,T] x Q — RN such that, for some function p: [0,T] x Q — R, the pair (7, p)
satisfies the system in [0, T] x Q\wo with divergence free condition in [0,T] x Q,
and y(+,t) safisfies the boundary conditions on OQ\Ig.

The Jacques-Louis Lions problem of approximate controllability is the following:
Problem. Starting with the initial data yo for the velocity field, we ask whether there are
trajectories of the Navier-Stokes system which, at a fixed time T, are arbitrarily close to the
given velocity field ;. In other words, for 7' > 0, consider ¥,y : Q — R satisfying
and boundary conditions on 9Q2\I'y, the question is, does there exists a trajectory 7 of the
Navier-Stokes control system such that

7(-,0) =y inQ, (1.20)
and, for an appropriate topology (see [Lio91]),
7(-, T)is close to y; in Q7. (1.21)

If the previous problem has a solution, we say that the system is approximately control-
lable. If we change the condition ([1.21]) by

y(.T) =y inQ, (1.22)

it is possible to prove as consequence of the smoothing effect of the Navier-Stokes system
that the problem does not admit solution for arbitrary y;. Thus, we replace by an-
other condition in order to recover a natural definition of controllability for the Navier-Stokes
system. A better definition for controllability, which was presented in [F195] and [CF96] is
passing from a given state y, to a given trajectory g;. Then, the control problem for the
Navier-Stokes system with Stokes or Navier-slip conditions can be written as follow.

Problem. Let T' > 0. Let g; be a trajectory for the Navier-Stokes system on [0,7]. Let
yo € C(Q;RY) satisfy the divergence free condition ((1.14])) and the boundary conditions
used. Does there exist a trajectory g of the Navier-Stokes system on [0, 7] such that

7(z,0) = yo(x) and F(z,T) =41 (x), VzeQ? (1.23)

Related to this problem, one knows two types of results: local results and global results.

The local results do not rely on the return method and instead are related with observ-
ability inequalities for the heat equation. The main difficulty here is to estimate the pressure
term. The definition of local controllability along trajectories for the Navier-Stokes system
is the following:

Definition 1.6 The Navier-Stokes system is locally controllable along the trajectory ¢, on
[O,T]_of the Navier-Stokes control system if there exists € > 0 such that, for every y, €
C>=(Q; RY) satisfying (1.14)), boundary conditions and

o — 1(, )| a1y~ <&,
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there exists a trajectory § of the Navier-Stokes system on [0, T satisfying (1.23)).

We mention that the local controllability for the Navier-Stokes system has been studied
for many mathematicians. The main works are:

a) The papers [FI94] and [FI96a] where the authors treated the case N = 2 and linear
Navier-slip boundary conditions.

b) In [Fur95] the author treated the case where I'y = 02, N = 3 and Dirichlet boundary
conditions.

¢) In [Ima0I] the author proved the case of the homogeneous Dirichlet boundary condi-
tions.

d) In [FCGIP04] the authors weakened some regularity assumptions.
e) In [Gue06] the author proved the case of the Navier-slip boundary conditions.

f) The work presented in [C(G13], where the authors proved the local null controllability
for the Navier-Stokes system with one vanishing component in the control.

The global controllability results are usually much more complicated than getting local
controllability results. We find in [Cor96] a proof based in the return method. Let us recall
that it consists of looking for a trajectory of the Navier-Stokes system 7 such that

and such that the linearized system around the trajectory 7 has a controllability in a good
sense.

Finally, in [FI94] and [FI96a] the authors proved that the lineriazed system around the
trajectory y with Navier-slip boundary conditions is controllable. On the other hand, in
[Lio71] is proved the approximate controllability, meanwhile, in [AS05], [Shi06] the authors
have obtained global approximate controllability results for the Navier-Stokes equations (also
for the Euler equations) when the controls are on some low modes and (2 is a torus.

There are other papers that deal with the interaction fluid with other materials. For
instance:

a) The papers [OP99], [Luk72] and |[LZ96] on the controllability of an incompressible fluid
interacting with an elastic structure.

b) In [DFCO05] the authors treated with the controllability of one-dimensional nonlinear
system which models the interactions of a fluid and a particle.

¢) The controllability of a model linearized and simplified 1-D model for fluidstructure
interaction is studied in [ZZ03].
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1.4 Inverse problems in PDE’s

The origin of the term inverse problem (around 1960s) is simple and mirrors what is called
the forward (or direct) problem. In simple terms, the direct problem is the situation: given
the questions, find the answer, whereas the inverse problem is given the answer, find the
question. Thus, an inverse problem consists in to determine a cause from its effect. However,
in some cases, there is no hope of ever being able to solve the direct problem in full gen-
erality. Many applications of inverse problems can be found in the physical and mechanics
sciences: biomedical engineering (ultrasound, X-ray), acoustics, radioastronomy, imaging,
meteorology, oceanography, oil engineering, seismology, so on. It is probably fair to say that
the majority of real world problems are inverse problems.

The French mathematician Jacques Hadamard introduced in 1923 the term well- posed for
a mathematical problem where: the solution always exists (existence), the solution is unique
(uniqueness) and, small changes in the initial conditions leads small changes in the solution
(the solution depends continuously on the data). The opposite case of a well posed problem
is called ill-posed, this means that, a solution may not exist, there may be more than one
solution, small changes in the initial conditions leads to big changes in the solution. The
inverse problems tend to be ill-posed.
If the data from measurements can in theory create a space of either finite or infinite dimen-
sions, in practice the data are always finite and discrete. When the number of parameters
in a model is smaller than the number of data points from the measurements, the problem
is called overdetermined. In that case, it may be possible to add a criterion that diminishes
or eliminates the effect of aberrant data. On the other hand, if the problem consists in de-
termining continuous parameters that are thus sampled from a very large number of values,
and if the number of results from the experiments is insufficient, the problem is called under-
determined. It is then necessary to use a priori information to achieve a reduced number of
possible solutions, or, in the best case, only one. Since for an underdetermined problem there
are often several possible solutions, it is necessary to specify the confidence level that one
can give to each solution. For these problems, the data can also be affected by a likelihood
coefficient (or probabilistically weighted), if this is the case, a Bayesian approach can be
used for the problem. The following scheme allows to clarify some previous ideas even further.

Definition 1.7 Let (V.|| |lv,) and (Va, |- |lv,) be two normed vector spaces and F =V} — V;
be a given mapping. The direct problem is to determine y = F(x), when x € Vi is given.
The inverse problem is to determine such x € Vy that y = F(x) when an arbitrary y € Vy is
giwen. The mapping F is called the direct theory.

The previous abstract inverse problem is well-posed whether there exists a solution, the

solution has to be unique and the inverse mapping F~1 : V5 — V; (if there exists) has to be
continuous. More precisely:

- Existence. For every y € V5 there has to be x € V; such that y = F/(x). In other words,
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the direct problem needs to be a surjection. Thus, arise the problem to characterize those
y € V5 that correspond to unknown z € V.

- Uniqueness. If x1, xo € V are two solutions satisfying F'(z1) = F'(z3) in V3, then 21 = 9
has to hold. That means, the direct theory needs to be an injection. Therefore, arise the
question whether is there enough data to determine the solution uniquely?. This problem is
called identificability.

- Continuous dependency on the data. When F' is injective and surjective, then the inverse
mapping F~! : V4, — V; has to be continuous. Now the problem is, how small changes in
the data disturb the corresponding mathematical solutions?. This is called a stability problem.

However, there are two additional problems: how x is obtained from the given y in F'(V}),
and of course, an approximative method for recovering the unknown available data. These
problems correspond to the theoretical and numerical reconstruction.

In finite dimensional linear inverse problems the direct mappins F' can be represented with
the help of a matrix M. Here, the inverse problem is well-posed if

- For every y € V; the equation y = M(x) has a solution = € V7.

- The equation Mz = 0 has only the trivial solution.

On the other hand, the inverse problem is ill-posed if at least one of the following claims
holds:

- For some y € V; the equation y = Mx does not have a solution x € V.

- There exists x € V] that satisfies Mx = 0 and = # 0.

If the data contains too much disturbances, the solution of a well-posed problem can be far
from the true solution. A well-posed problem which is highly "ill-conditioned” can resemble
an ill-posed problem where the solution does not depend continuously on the data.

Finally, it is clear that in infinite dimensional this questions are more complicated than in
finite dimensional, but many real phenomenon are describe in this context.

To start out with a concrete description on an inverse problem, we comment the classical
inverse problem of gravimetry. The simplest equation that represents the strength of a
gravitational field v in R? is given by

— Au=f, (1.24)

where f is the mass distribution that generates the measurements of the gravitational force
Vu, and which is considered outside a bounded domain €2 as zero. Here, () is a ball or a
body close to a ball (earth). The direct problem in gravimetry is to find w given f. This is
a well-posed problem in the Hadamard sense: its solution exists for any integrable function
f, and even for any distribution that is zero outside €2; it is unique and stable with respect
to standard functional spaces. The solution is given by

ulw) = [ ka = 1),

Q

17



where £ is a specific kernel. On the other hand, the inverse problem of gravimetry is to
find f given Vu on I, where I' is a part of the boundary 02 (gravitational force on the
boundary). Physically, this inverse problem is fundamental in recovering the density of the
earth from boundary measurements of the gravitational field. Another interesting application
is in gravitational navigation: one can measure the gravitational field (from satellites) with
quite high precision, then possibly find the function f that produces this field, and use
this result to navigate aircrafts. However, there is a strong non uniqueness of f for a given
gravitational potential u outside €2, and therefore the uniqueness of the inverse source problem
is restricted to a special type of f, for instance harmonic functions, functions dependent on
one variable, characteristic functions with unknown domains inside 2. Thus, the inverse
problem of gravimetry is ill-posed, which creates mathematical and numerical difficulties
(convergence of iterative algorithms is very slow and therefore numerical errors accumulate
do not allow a good resolution). The Victor Isakov books [[sa06] and [[sa90] contains partial
results for the inverse problem presented above and other classical inverse problems. The
work of Addellatif and Doung [EBD98]| deal with the problem of identification of source from
boundary measurements for the system (|1.24)). Furthermore, we highlight Theorem 4.1.6,
presented in [[sa06], which will have connection with our main result in Chapter 4. Theorem
4.1.6 is referent to the following linear inverse source problem: Let Q@ C RY be a bounded
Lipschitz domain. Let us consider the Dirichlet problem

Au=f in Q,
{ u=gy on O, (1.25)

where A = 0;(a0;)+c, for every j =1,..., N. Let L be the differential operator 9;(c;0;)+ /.

Theorem 1.8 Let us assume that one of the three conditions is satisfied:

A=L,
w > £, (1.26)
— (O (g 0ka) + O (adyaj) + 2carj + 2a6)§]2 + Qja0kal;&y > €168 + -+ + enéi,

where £;;,&; are nonnegative numbers with positive sum;

f=aft+ fa, where g—a >0 on Q, (1.28)
n

and « is given. If f € L*(Q) and
Lf=0 in Q (1.29)

in the case (1.26), (1.27)), then f entering the Dirichlet problem is uniquely determined by

u
the addtional Neumann data a—u = g1 on 0f2.

n
In case (1.28)), f in uniquely identified by the Neumann data if the coefficients of A do not
depend on xyn and ¢ > 0.

There is a huge literature on inverse problems, the reader can see the Victor Isakov

books [[sa06], [Isa90], and the book J[ABTT1I] by Aster, Richard C and Borchers, Brian and
Thurber, Clifford Hal. See also, the thesis about recovery of a coefficient in viscoelasticity
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models [Buhl0] by Maya de Buhan, the thesis referent to the Stokes system and its appli-
cation in respiratory systems [Egl12] by Anne Eggloffe, and the thesis [Balll] where Andrea
Ballerini treats the stability and reconstruction for an immersed body in a fluid. The lec-
tures [Kav02],[Ball2] by O., Kavian and Guillaume Bal, respectively. Finally, some papers
in this context are: [KIi92] by Victor Isakov, the works [SUS7| by Silvester and Uhlman,
[SU13] by Stefanov and Ulhmann, [UhI99] by Ulhmann, and [KV84] by Robert Kohn and
Michael Vogelius. See also, the works of Masahiro Yamamoto and Oleg Yu Imanuvilov [IY01],
[IY98], the work [EEK04] by Egger and Klibanov, [Puell] by Jean Pierre Puel, [DO06] by
A. Doudova and A. Osses, [MOROS] by A. Mercado, A. Osses, and L. Rosier, [BY06] by M.
Bellassoued and M. Yamamoto.

1.5 Inverse source problems for the Navier-Stokes equa-
tions

In presence of an external force F© = F(x,t) acting on the model presented in (1.13)), it
follows that the Navier-Stokes equations for homogeneous incompressible fluids (with suitable
boundary conditions and initial data) are:

%—yAvay(V-y)—I—VPZF i Qx(0,7),

V-y=0 in Qx(0,7), (1.30)
+BC on 00 x (0,7),

y(.)O) :yo ln Q

To the system ((1.30]) the inverse source problems are divided in two types: the linear case
and the nonlinear case. In the linear case, the system (|1.30]) is called Stokes system. Thus,
the Stokes system with Dirichlet homogeneous boundary conditions is given by:

%—VAy—l—Vp:F in Qx(0,7),
V-y=0 in Qx(0,7), (1.31)
y=20 on 092 x (0,7,

y(+,0) = yo in Q,

where 2 C RY is an open boundary set and N = 2,3. The pioneers in to deal with inverse
source problems for the system ([1.31)) were Imanuvilov and Yamamoto in [IY00]. In this
paper the authors proved the Lipschitz stability when the force F' only depends on space. In
fact, the corresponding inequality is:

1F N2y < C(yC,O)llm@n +IT(,0) 2@
Hpl r (0-s5,.0+6),L2(w)) T “yHHl(9—5,9+6),L2(w)N)>7

where 0 < # < T, § is small positive number and w is an open subset in €). The techniques
used by them are Carleman inequalities and the Bukhgeim-Klibanov method, which is useful

19



in order to solve inverse problems (see [KIil3], [FI96b]). This problem is overdetermined
because p(+, #) is not necessary for the well-posedness in an initial (or boundary) value problem
for the Stokes system . Moreover, the uniqueness is an open problem whether we
choose 6 = 0, see for instance[[sa90] and [FK64]. The work of Choulli, Imanuvilov, Puel and
Yamamoto [CIPY13] is based on Carleman inequalities in order to prove other inequality
(see [IYO05], [IPYQ9]). In [CIPY13] the authors have established the Lipschitz stability for
the linearized system associated to , from measurements only of the velocity. In this
case, the pressure term disappears with the rotational operator and the source is F(x,t) =
R(x,t)f(z), with R(x,t) vector field known and f unknown. More precisely, they found

[fllze < C(HyHHQ(O,T;Hl(w)N) IV x y(-, 0)[| 2y + Hy('ve)HHl(Q)N)a

with 0 < § < T and different hypothesis over R(x,t) and w C . From a abstract view, the
system (|1.31)) with 7" = 400 was studied in [GT11] by G. Garcia and T. Takahashi to obtain
a logarithmical stability. The tools in their paper are Carleman estimates and other types
of inequalities that arise from null controllability problems for parabolic equations. Roughly
speaking, for a source F'(z,t) = o(t)f(x) where f is vector valued, it follows

s/q
||aty ||%2(0,T,L2 (w)N)
log |0yl L2 (0,7:£2(w)™) 7

[fll 2@~ < C< (1.32)

where ¢ € (1,1/(1 — ¢)), € is a small positive number and 0 < 7 < T

There are other works making reference to inverse problems for similar systems. For
instance, the work [Marl5] by Nuno Martins, where the author uses the Brinkman-Stokes
system in order to prove the identification for the external source and a divergence source,
from boundary data of the stress tensor. A brief description is the following. To the system

(A=XNyn—=Vpa=f in Q,
Voyn=g in Q A>0 (1.33)
yr =10 on 0,

where the constant A plays the role of the medium’s resistance to the flow, the inverse prob-
lem is to recover the pair of a body force and a divergence source, (f, g), from measurements
data over the stress tensor o(yy, px) on the boundary, with (yy,py) satisfying (1.33). Then,
they define an operator Ay : L2(Q) — H~Y2(0Q) by A\(f,g) := o(yr, px)n|oq, and through
Functional and Fourier analysis the identification from several measurements is achieved.

1.6 Contribution of the thesis

In this thesis we deal with two problems, the first one, the local null controllability for the
Navier—Stokes system with nonlinear Navier-slip boundary conditions. It is very important

20



to say that our result is obtained in the case where the control has one null scalar component.
More precisely, the controllability system is the following:

Yy — V- (Dy) +(y,V)y+Vp=vx, in Qx(0,7),

V-y=0 in  Qx(0,7), (1.34)
y-n=20,(c(y,p) -n)y+ fy)y,=0 on 002 x(0,T), :
y(ao) = 3/0() in Qa

where f : RY — R represents the nonlinearity on the boundary condition, N = 2 or N = 3,
and v is the control acting on a subdomain w x (0,7") C € x (0,7") such that v; = 0, for some
j=1,...,N.

The strategy is divided in five steps. The first one, a new regularity result for the as-
sociated linear system, i.e., the linear system is the Stokes system with linear Navier—slip
conditions. Thus, the solution (y,p) belongs to L?(0,T; H*(Q)N n W) n H%(0,T; L*(Q)N N
W)x L*(0,T; H3(Q)), with W = {u € H'(Q)Y : V-y =01in Q, y-n =0 on 9Q}. The second
one, a new Carleman estimate in order to prove the null controllability of the linear system,
where the pressure term is considered in the estimates. The third, the null controllability for
the linear system with control v in L?(0,T; H?*(w)N)NH(0,T; L*(w)"), and of course v; = 0,
for some j = 1,..., N. The fourth step is to apply Katutani’s fixed point theorem in order
to prove the null controllability for the Stokes system with nonlinear boundary conditions.
Finally, the Implicit mapping theorem allows us to complete the proof. This allow to obtain
the local null controllability of with internal controls having one vanishing component.

The second part of this thesis treat inverse source problems for the Stokes system with

homogeneous Dirichlet boundary conditions from velocity measurements with one missing
component. Here, it is important to say that at the moment, the inverse source problem
for the system (|1.30]) with Dirichlet or linear Navier-slip boundary conditions remains open,
even if the source only depends on space.
Our main results have two types of sources: F(x,t) = o(t)f(z) and F(x) = R(z)f(x) for
(x,t) in Q x (0,T), where o(t), R(z) are known, and in both cases f(z) is unknown, however,
in the first case f(x) is vector valued, meanwhile f(z) is scalar in the second case. Then, the
inverse source problems obtained for the system are: Reconstruction and uniqueness
for F(z,t) = o(t)f(z) in the space

H={fcl*QO":V-f=0inQ, f=0o0n0Q},

from local measurements of N — 1 scalar components of velocity, or in other words, the
observed data have one missing component of velocity.
Roughly speaking, the reconstruction formula is:

Pr fr = a; " (Cir, + Cop),

where Py represents the orthogonal projector from L?(Q)" onto H and

a1 VA /Te_VA’“(T_S)U(S)dS%O
M |
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for £ > 0, A\ are eigenvalues of the Stokes operator (with homogeneous Dirichlet bound-
ary conditions) and the functions Cyx, Cox only depend on the local observations of N — 1
components of the solution of . In consequence, the uniqueness is achieved for f in
H. The proof is based in the works of G. C. Garcia, A. Osses and N.Tapia [GOT13] for
a reconstruction formula in parabolic equations, and the work [CG09] by J-M. Coron and
S. Guerrero about null controllability of the Stokes system with N — 1 scalar controls. We
also establish numerical experiments in order to see the feasibility our results. Finally we
comments some open problems in this context.

Lipschitz stability for F(x) = R(x)f(z) when local and boundary measurements are avail-
able, with some additional assumptions respect to R(x). The corresponding inequality is
given by:

2

122 < C("AQZ/j('7 0)e** i) + D 1€) e Aysl 2o 2o o))

k=0

2 (1.35)
+2 Hfg/zeso‘afﬁyjHL?(wx(o,T») )

k=0

where 0 < 0 < T, w C €0 an open subset, a and & are Carleman weights, and s > 0 is
sufficiently large. The proof of involves the Bukhgeim—Klibanov method based in
Carleman inequalities to prove inverse problems (see [KIi&1]). The additional tools are: one
Carleman estimates obtained in [FCGBGPO06] for parabolic equations with Fourier boundary
conditions and some results in the theory of degenerate elliptic operators. A similar result
can be developed using degenerate Sobolev spaces (see Appendix [Al).
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Chapter 2

Controllability for the Navier-Stokes
with Navier-slip boundary conditions

2.1 Introduction

Let  be a nonempty bounded connected open subset of RY (N =2 or N = 3) of class C*.
Let T > 0 and let w C 2 be a (small) nonempty open subset which is the control domain.
Here, we will use the notation @ := Q x (0,7), ¥ := 9Q x (0,7) and by n(z) the outward
unit normal vector to € at the point z € 0f).

Let us consider the controlled Navier-Stokes system with nonlinear Navier slip boundary
conditions. Given a nonlinear regular function f : RY — RY and an initial state vy, we
consider the following system:

yt_v(Dy)+(yav>y+vp:UXw in Q7

V-y=0 in  Q, (2.1)
y-n=0,(c(y,p) n)g+ f(y)y=0 on X, ’
y(-,0) = yo(") in  Q,

where v = v(x,t) stands for the control which acts in a arbitrary fixed domain w x (0,7")
and ,, is a smooth positive function such that y, = 1 in &', where ' € w, with w’ an open
set. Respect to the boundary conditions, we mention that in 1823, C.L. Navier (see [Nav23])
established a slip-with-friction boundary condition and claimed that the component of the
fluid velocity tangential to the surface should be proportional to the rate of strain at the
surface. The velocity’s component normal to the surface is naturally zero as mass is not able
to penetrate an impermeable solid surface [Nav23]. This can be expressed by

y-n=0 and (o(y,p) n)y+kyy=0 on,

where o(y,p) := —pld + Dy is the stress tensor, D is the symmetrized gradient of y, p is
the pressure, Id is the identity matrix, (o(y,p) - n);, denotes the tangential component of
o(y,p) - n and y,, is the tangential velocity along the solid surface and k is a scalar friction
function that measures the local viscous coupling between fluid and solid.
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Physically a nonzero slip length arises from the unequal wall and fluid densities, the weak
wall-fluid interaction, and the high temperature. These behavior types had been recently
demonstrated and showed that the phenomenon of slip occurs with dependence on various
factors, such as in aerodynamics processes when the high pressure is involved, in weather
forecast where trees, buildings, water waves have to be taken into account, in turbulence,
when k£ depends on pressure, etc. In consequence, the analysis is complicated as well as
numerical solutions of the model and an alternative is then to reduce the no-slip condition
on rough boundaries to ad hoc boundary conditions, the so-called wall laws, on a smooth
domain.

Let us point out that our boundary conditions corresponds to a law of the wall that appear
in turbulent flows, specifically when &£ may not depend on |y| linearly. We invite to interested
reader to see [Brel2],[LBS07] for a complete discussion on this subject.

In the context of controllability, the papers by Coron [Cor96] and Imanuvilov [Ima97] show
results of the approximate controllability and local exact controllability for the Navier-Stokes
system with Navier-slip boundary conditions in two dimensions, with some restrictions re-
spectively. The system has been studied by Guerrero [Gue06], in this paper the author
proved the local null controllability to the trajectories of in dimension N using Carleman
estimates for the associated linear system and fixed point arguments. On the other hand,
recent papers by Coron and Guerrero [CG09], Carrefio and Guerrero [CG13] are evidence of
the null controllability and local null controllability of the Navier-Stokes system with N — 1
scalar controls, even thought they use homogeneous Dirichlet boundary conditions. Then,
the main objective of this Chapter is to obtain the local null controllability of system ({2.1])
by means of N — 1 scalar controls, see Theorem [2.1]

Let us now introduce several spaces which are usual in the context of problems modeling
incompressible fluids:
Vi={uec H}(QN :V-u=0in Q},

H={ucl?(QY:V-u=0, inQ u-n=0on0dQ}

and

W={ucH®Q":V-u=0inQ, u-n=0on 0N}

Our main result is given in the following theorem.

Theorem 2.1 Let us assume that i € {I,...,N} and f € C*RN;RY) with f(0) = 0.
Then, for every T > 0 and w C ), there exists 6 > 0 such that, for every yo € H*(Q)N N W
satisfying ||yol| sy vaw < 0 and the compatibility condition

(Dyo - n)eg + (f(Y0))tg = 0 on 99, (2.2)
we can find a control
ve L*0,T; HX(w)™) N HY(0,T; L*(w)N),
with v; = 0 and an associated solution (y,p) to (2.1) verifying y(-,T) = 0 in Q.
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To prove Theorem we first deduce a null controllability result for a linearized system
around zero associated to ([2.1)):

Yy — V- (Dy) + Vp=h+vxe in  Q,

V-y=0 in  Q, (2.3)
y-n=0,(c(y,p) - n)y + (A(z,t)y)y, =0 on X, '
y(-,0) = yo(") in

where A is a N x N matrix-valued function in a suitable space and h decreases exponentially
to zero in T. Finally, we apply Kakutani’s fixed point theorem and an inverse mapping
theorem to conclude the local null controllability for the nonlinear system ({2.1J).

On the other hand, we highlight that some ideas as appear in [CG13] and [CG09] concern-

ing to null controllability for the linear system are not able to be considered. Indeed,
this relevant detail arises from the different boundary conditions that we present here.
The Chapter is organized as follows. In Section [2.2] we present a previous regularity result
proved in [Gue06] and other that we prove here for systems as (2.3). In section [2.4] we estab-
lish a Carleman inequality needed to deal with the controllability problems. In section 2.4
we prove the null controllability of the linear system . Finally, in Section we give the
proof of Theorem using fixed point arguments.

Before starting with Section 2, we consider several Hilbert spaces for € > 0 small enough :
P° = HY22(0,T; H'*(00)N <), Pl = H5A%(0, T, L2(99) V<),
P? = L*(0,T; H*?(09)N*N),
Z. = H?*=(0,T; HY( Q)N n W) n L2(0,T; H*(Q)N n W) (2.4)
and

Yy = L*(0,T; H*(Q)™)n HY(0,T; L*(Q)Y),  Ya:= L*(0,T; H*(Q)N) n H*(0,T; L*(Q)™).

2.2 Preliminary results

In order to prove the main theorem of this Chapter, we introduce some preliminary results
which will be used later on. More precisely, we present regularity results concerning the
Stokes system with linear Navier-slip boundary conditions.

The proof of the following result can be found in [Gue(6].

Lemma 2.2 Let Ac P’ , ug € H, fo € L*(0,T;W'), fo € L*0,T; H-Y2(0Q)N) and let u

be the weak solution of the system

u— V- (Du) + VO = fy in  Q,

V-u=0 in  Q, (2.5)
u-n=0,(0(u,0) n)y+ (Alz,t)u)y = fo on X, ’
u(-,0) = uo(") m
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namely, the function u satisfying

/ w(t) - vdz + ! / Du(t) : Dvdx +/ Au(t) - vdo
Q 2 Jo 00
:/fo(t)-vdx—l— fa(t) -vdo  a.e t €(0,T), YveW,
Q o9
u(-,0) =up(-) in Q.
Then, if we further assume ug € W and
foe LX(Q)N, fo € LX0,T; H*(0)N), fo € HV*(0,T; H*(02)"),

w s actually, together with a pressure 0, the strong solution of (2.5)), i.e., (u,0) € Y; x
L*(0,T; H(Q)). Furthermore, there exists a positive constant C' such that

CT||A|2
P21+ ”AH?DEO) (HfO“LQ(Q)N

+ fall 20,710 20003y + I f2ll mr1/ase 0 -2 o) vy + HUOHHl(Q)N) .

lullvi + 1191 20,712y < Ce (2.6)

Remark 2.1 The author in [Gue06] proved Lemma whenever
A e HY7H0, T, Wt ()N,

where 0 < ¢ < 1/2 is arbitrarily close to 1/2 and vy > 1 is arbitrarily close to 1. Observe
that this hypothesis is satisfied if A € P,

Using the above Lemma, we prove now a regularity result for the solution of (2.5). To
this end, we will impose the following compatibility condition :

(Dug - n)g + (A(+,0)ug)tg = fo(+,0)  on 0. (2.7)

Theorem 2.3 Let A € PN P2 vy € H3QN N W satisfying .7), fo € Y1, fo €
L2(0,T; H*2(0)N) N HY(0,T; HY2(0)N), and let u be the strong solution of system

u — V- (Du) + Vo = fy in  Q,
Vou=0 m  Q, (2.8)
u-n=0,(c(u,d) n)y+ Az, t)u-n)y=fo on X, ’
u(-,0) = up(-) in Q.
Then, (u,0) € Yy x L*(0,T; H3(Y)) and there exists a positive constant C such that
[ellys + 1101 220,730
(2.9)
< C(4) <||f0||Y1 + | f2ll 20,752 00)%) + 12l 0,151 72 000y v) + HUOHH‘«*(Q)N)a
where iz
C(A) = 0™ (14|42 ) [1+ AN + 1Al (2.10)
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Proof of Theorem We consider like a parametrized stationary system, that is
to say:
—V - (Du) + Vo = fo —w in  Q
V-u=0 in €, (2.11)
u-n=0,(c(u,d) n)y+ (Az,t)u-n)y =f on 05,

for almost every ¢ € (0,T).
The rest of the proof is divided in two steps.
Step 1. The goal will be to prove that the weak solution (u, ) of the stationary system

—V - (Du) + V0 = g in  Q
Viou=g in €, (2.12)
u-n=0, (c(u,0) -n)y,=gs on 0Q,

actually belongs to H?()" x H2(Q), whenever gy € H(Q)V, g1 € H*(Q2) and g, € H*2(0Q)".

In accordance with estimate (2.6 for the stationary case and for A = 0, we obtain that
the weak solution of (2.12)) satisfies

lull f2v + 101 1) < C(HQOHL?(Q)N + g1l ) + ||92||H1/2(BQ)N>7 (2.13)

for a positive constant C.
The interior regularity readily follows from the corresponding result with homogeneous

Dirichlet boundary conditions, which can be found in [TemO01], for instance. Then, for every
Q' cc Q, we have u € H3(Q)N, 0 € H?(XY) and

lullscary + 1812 < C (lgollim oy + llgllmzcey + lgallaronyv ). (2.14)
for some positive constant C(€2,€2).

We consider zq € 8Q~and Uy a simply Com}ected neighbgrhood of x¢. Then, it suffices to
prove that u € H3(QNU)Y and 0 € H*(QNU), for every U CC Uj.
To this end, let ) be a W3 diffeomorphism which sends the set

Co:={(,&n) eRY : |G| <ap i=1,---,N—1,[¢v| < Bo}
onto Uy and which verifies
w(c(;r) =Qn Uo, ¢(Aa0) = 8Q N U(),

where we have denoted C’a“ =CyN Rﬂ\: and A,, = O]Rﬂ\: N Cy. Let us now introduce a cut-off
function ¢ € C%*(Up) such that

(=1inU and supp ¢ C Uy cC Uy, (2.15)

where U is a regular open set. Then, let us set z = (u, h = (6. They verify:

—V - (Dz)+Vh =g} in  QnNU,,

V.-z=g] in QnNU, (2.16)
z-n=0, (o(z,h) -n)y =95 on 92N U, '
z=10 on Qﬂan,
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with

95 =Cgo — 2V( - Vu — V¢ - Viu — Alu — VVC - u+ V¢ — g1 V¢ € H(QN Uy)Y,
(2.17)

% e H2(0Q N Up)™.

g1 ZCgl—i—V(-uEHz(QﬂUo) and g5 = C92+8

Let us now perform the change of variable x = ¢ (§). If we define Z = z o 1), h = hot and
n = n o1, then

9 - > 0% 0% _ s, Vi !, Vs=1,...,N,
k_
where we have denoted V;i)~! the ith-column of Vi)~!. Observe that

D10 N\ o~y Pz 004 0z, 0%,
a_x,(a_xi%) =2 (agkagja_leaxi) Z < 08, Oy’

J,k=1

Therefore

N 0%z, O&; O, 0z, 0? Sk O&; O, 93,
Az = ijzk;1<8§ka§j 01:]1 axi> Z 0& &lji - <Z ax]l @:171> Z Afk

= Hess(Z,) : V'V~ + VZS AP

where Hess(Z,) represents the Hessian matrix on Z, and Ay~ := A = (A, ..., Ay).
Moreover,

02,06 . . 0 N 0h0& i o
divz = E @5] 8; Vz: Vi and 5 h = E 8_5]-858] =Vh- -V .
S S le S

s,7=1
Then, taking into account that for every i=1,..., N we have
(V-Dz); = Az + 0 div 2,
we find from (2.16)) that Z; satisfies the following system for i =1,..., N:

—Hess(%l) Vl/J_lvtl/J_l — Vgl . AQ/J_l + VB . Vﬂ/}_l == (g}]*)i + &g}* iIl Cg_,

Vi Vil = n o Cf
Zoh=0, (&(2) ey = Go* on  ORY NGy,
=0 on IC; NRY,

where we have denoted
qG" =g o, Gii=gioY, G =g0

and
(6(2))is == VZ - Vi ' + V5 - Vo', V1 <i s <N.

On the other hand, note that for every function F in HY(Q) (¢ € N,¢ < 3), I' = Fo1) belongs
to HY(C) and there exists a positive constant C' = C(£2) such that

||F||HZ(CO+) < C”FHHZ(Q)-
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Now, observe that z € )~(072, with

Xoa:={2€ H*(CH)N :2=00n0C; NRY, z-7 =0 on ORY N Cp}.

Let us introduce Cy = 9(U;) (recall that Uy CC Up) and d = dist(dC,dC;"). Then, we
have 0% Z € Xgo for any 1 <k < N — 1 and any |m| < d/2, where we have denoted

Xip={2€H}(CHN : 2=00n 9C NRY, -7 =0o0n IRY NC},
and
() =) = f () = (€ = [(§+mex)) (2.19)
(see and ) We denote now @ = 0% 2, # = 6% h. We have :
6 (Hess(%) : VY~ 'Vip™) = Hess(wy) : Vi ' Vi~ +Hess(Z(E+mey)) : 08 (V' Vi),

68 (V4 - A = Vi - A~ + VA(E + mey) - 0F (AT,
SE(VZ: Vi ™) = Vi : Vit + V(€ +mey,) : 65 Vig!

and
o8 (Vh - V™) = Vi - Vi ™ + VA(E 4+ mey,) - 08 Vi
Additionally,
FEon)=w-n

and

~ N
08 (02, h)7i)ig) = (G(0) M)t | > (VE(E +meg) - 65, Vith ™" + VE(E + mey) - 05, V)it

s=1

tg

on ORYNC;. The last two identities readily follow from ([2.19) and the fact that i;(§+mey) =
n;(€) on CyNORY, for every k =1,...,N—1and for every j = 1,..., N. Taking into account
the above identities and (2.18)), the pair (w0, 7) satisfies:

Vi : Viy~t =G, in Cf,

—Hess(w;) : VY IViY™ =V, - Ay~ + V7 - Viy™! = Go; + 0:Gy in - Cf,
w-n=0, (5(d) 7)y =G on IRV Ny,

where

GO,i :5fn(g~0*)l + Hess(ii(ﬁ + mek)) . 5,’;(V’¢_1vt’¢_l) + Vél(f + mek) . 5an1/J_1
+ 0(VZ(€ +mey) : 6F V™Y — V(€ 4 mey,) - 6F Vi,

G :(57’;(9’1*) — VZ(&+ mey) : 5’;1Vtw*1,

N

S (VA€ +mey) - 5V + VE(E + mey) - 057,07 ),

s=1

Go =65, (32") —

tg

Let us now estimate Gyo; in the L?(C{") norm. We have
165, (90 )ill 2oy < ClmIIV (G0 ill 2oy < Clmlll(Go")ill oy
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[Hess(Z(€ +mey)) : 05 (VO™ V)| 120y < Clml|1Z]] gz oy
IVZ (€ +mex) - 03, A0 2oy < Ok, QM| VE 2ot yv
10:(VZ(E +mey) : 05, V'™l 20y < Clmll|Z ] 2oy

and
IVR(E +mex) - 65, Vit ™ 2oy < Clml[ VA 2oy

Therefore
1Goll ey < C|m|<”gol|H1 v+ 1zl w2y + VA 2a@)-

In the same way we can estimate G, in H'(C}") from
167 (31 g1 o) < Imlllgn g2y

and we obtain
Gl ey < Clml (IIgi‘lle(m + 12l 2@~ )

Finally, for Gy we get
Gl mrz@ryneny < Clml(l|g2llmsrz@ryncyyn + 1121l ms2@ryncyyv)-

Then, using the definition of g (i = O, 1, 2) given in (2.17) and the estimate (2.13)) for the
solutions of the stationary problems (2.12)) and (| -, we obtain

1Goll 2y < C'|m|(||90||Hl(Q v+ g1l ) + ||g2||H1/2(8Q)N)7

1G oy < Clml (llgolzzay + gz + llgallmrvagon)

In consequence, the solution of belongs to XLQ x HY(C}") and satisfies
||57]%5||H2(01+)N + ||57]fjl||H1(cl+) < Clm)| <||90||H1(Q)N + g1l m20) + ||g2||H3/2(8Q)N>
for k=1,...,N — 1. Taking m — 0, this implies (8%, dxh) € H2(C)N x H'(C;) and
1062 112y + 10kAl| 111y < Cllgoll @y + lgall o) + [lgallms/2(00)v)

0z Oh

for 1 <k < N —1. Now, we will prove that (
P Oén’ Dn

i=1,...,N.
From ([2.18) we have

> c H*(C]) x HY(CY) for every

923, 13N Oh Oy 1 |
) H(CY —1....N 291
Oy ;’axk) T ey, S HCD, vi=1, o)

Then
L*(C)). (2.22)

N 9en % Oty a h L 0N 12
B (Z‘axk )(Z dEd, Oy 052 Z‘ o

k=1
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On the other hand, from the divergence free condition (see ([2.18])) we get

N N N-1
Sy (T varemon
=1

so that

8 Zl (%N 2
Z 588, e L*(CY). (2.23)

From ([2.22)) and (2.23)), we obtain that

L*(CY)

and therefore h € H?(C;F). Coming back to (2.21)) we obtain that

|| e L*Cf), vi=1,...,N.

Therefore h € H*(C;) and 2 € H3(C{)V, so that (Orz, Oxh) € H*(2N U) x H'(QNU) for
k=1,...,N and we can conclude that (z,h) € H3(QNU)N x H2(QNU) for every U cC U
with the estimate

2] g3 anenyy + 1Al zne) < C(H.gOHHl(QﬂU)N + 91l zr2 000y + ||92||H3/2(anU)N>- (2.24)

This, together with (2.14), gives the following estimate for the solution of the stationary

system (2.11)):
[ull @y + 11011202

(2.25)
< C(”fOHHl N+ ull gy + [ fallgszooy + | Aw]| o2 asz)N)

Now, to estimate the term ||u(t)| g1 (o)~ we multiply (2.8) by
&(B(u, 9)) =—-V_ DUt + V@t
and integrate in 2. We get

—/utV‘Dutd:c—i-/ut V@tdx+——/\B u,0)| da:—/fo Vthx—/fOV Du,dz.
Q Q

Integrating by parts and using that f, belongs to W, we obtain

/|Vut|2dx+——/ | B(u 0)]2dm—/ uy - (Duy - n)gdo
Q o9
= / Vfo - Vudr — fo - (Duy - n)¢ydo.

Q o9

31



We use now (Duy - n)yy = 0y fo — 0 (Au) :

/ |V, |? d:c—i— / |B(u,0))*dz + [ 0,(Au) - wydo
o0

_ / Vfo - Vude + / (Ofs) - wdo + [ 0(Au)- fodo — | s+ fodo,
Q o0

o0 o9
for almost every t € (0,7"). Coming back to (2.25)), we get

Vel 22y + lullzs @)y +

2
th/ 1B, 0)2dz + |01

< C(Hfoll?pm)zv 12 lFrar2oayn + AUl oayn + /8Q |0 (Au)||us|do (2.26)

+ [ atawlinlao + [ 0g - wldo+ [ 10 foldo + )
o0 o0 o

for almost every ¢ € (0, 7).
In order to estimate the third term in (2.26]) we use that

H32(0Q) - H*(0Q) ¢ H¥*(0Q)  continuously.
Then
HA,U’H?{'O‘/?(BQ)N < C‘|A|’12L13/2(39)NxNHUH§13/2(39)N < CHAH?qSﬂ(aQ)NxNHUHJ%I?(Q)N-
From this estimate and (2.26) we obtain

IVuel|72 gy + ||U||2L2(H3 vy + 1B O[T r20ymy + 10117220y

< C<||f0||L2 HY(Q + ||f2||L2 (H3/2(6Q)N) + ||A||L00(H5/2(BQ NxN) ||U||L2 (H2(Q)N) (2.27)
+ [ [ 00Aw) + 100t (] + 1l + 1 Buo,600)) gy + Ny )
s
where 0(0) is defined (up to a constant) by
—AB(0)() = —Vo(,0) in 0,
00(0) (2.28)

on (1) = Aug(-) -n+ fo(-,0) - n  on 0N

Now, we estimate the boundary terms in ([2.27)). First, we find

// 10, (Aw)|(Juel + |fol)dodt < Co(| Al oo sywn el Z2ggyw + 1A L2 ywen [l e (211 0y ))

+ 5(”“16”%2(1{1(9)% + ”fOH%Q(Hl(Q)N))

for any 0 > 0. The second term can be estimated as follows :

/ |0 fo|(|uwe| + | fol)dodt < C5||atf2”iQ(H1/2(6Q)N) + 5(||ut”%2(H1(Q)N) + HfUH%Q(Hl(Q)N))'
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Putting together these estimates and (2.27) we can deduce

[eel| 72 g ayvy + Nall Tz ars vy + 1B OI7 s r2iyny + 100172206

<c(||fouL2 iy 12 sz ommy + 10l acomyy + 10, B(O) 2
(L AR« goraomyvemy + 19A sy + A sy ||u|\%1>.

Using (2.6)) in order to estimate ||ul|}, and elliptic estimates (2.28)), we get
el T2 yvy + NullZ2asyvy + 1B O z2 vy + 10117200200

) ) ) ) (2.29)
< C(A)(||f0||Y1 + ||f2||L2(H3/2(aQ)N) + ||atf2||L2(H1/2(GQ)N) + ||u0||H3(Q)N>;

where

cT|lA|l

C(A) 1= O (1 AN ) (1 AN s oy oy + 10 AN gy + Al sy )

Step 2. Taking into account the previous step, we will prove that the weak solution (u,0)
of (2.12) belongs to H*()N x H3(Q) whenever

gee HXQNU)Y, gre H3(QNUy), g5 HY*00nUy)Y, (2.30)
also, 1 is a W4 diffeomorphism. Here, we define
Xiz:={2eH}CHY :2=00n0C NRY, 2-7i=0o0n ORY N4},

Let us prove that Z satisfies 6% 2 € Xy, for k = 1,...,N — 1 and |m| < d/2 (recall that
d = dist(0C;,0C;")), where Z fulfills (2.18)). We have the following estimates for Gy, G; and
G5 (which were defined right after (2.20)) :

1Gollracyn <C\m!(HgoHH2 w A lzlms@n + 1Vl @)

1G 1l 2y < Clml (IIQTHHS(Q) + [zl g3 ey)
and
”G2”H3/2(6Rj\_’mcl)N < C|m|(|’§§HH5/2(aRfmcl)N + H§HH5/2(6R§_’OC‘1)N)'

Then, using (2.30) together with the definition of ¢gf (i = 0,1,2) given in (2.17) and the
estimate (2.29)) for the solutions of the stationary problems ([2.12)) and (2.16)), we obtain

IGollis ey < Clml (ol + gl + g2 llrzomy ).

1G 1l 2icry < Clml <||90||H2(Q)N + [lg1ll 3y + ”92”H3/2(8§2)N>

and
Gl s/2(omynciyy < Clml (llgollmay + gl + g2l oz oy ).
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In consequence, (6% 2,65 h) € X, 3 x H*(C}) and
H5’;15HH3(01+)N + H(Sﬁﬁﬂm(cj) < Clm| (HQOHHQ(Q)N + H91HH3(Q) + ”92”H5/2(69)N)
fork=1,...,N —1.
Arguing now as in Step 1, we find
[ull za@n + [l 3 ) < C(HQon(mN +llgillms) + lgall s @ayy)- (2.31)
From ([2.31]) we obtain the estimate for the solution of the stationary system ([2.11)):
Jullrsy + 18000 < O (I foll s+ el iy + 1 oll ooy + | Aull sz ) (2:32)

for almost every t € (0,7). Now, in order to estimate the second term of the right-hand side
of (2.32), we consider the system satisfied by (0yu, 0,6) (see (2.8)) :

O(uy) — V- (Duy) + VO, = 0,.fo in  Q,

V-u =0 in  Q, (2.33)
u-n =0, (o(u,0)  n)g + (Aug)yyg = Orfa — (Aiu)yy  on X, '
u(-,0) = V - Dug(-) — VO(-,0) + fo(-,0) in Q.

In virtue of Lemma we have that (u, 6;) is the strong solution of (2.33). Furthermore,
we get u; € Y7 and

CT| A%
luelly, < e 7 (1 + ||A||3»Eo)<||3tfollm(@>w + [ foll Loy + 10, fall L2z oy

+ ||3tf2|]H1/4+5(H78(Q)N) + ||Atu||H1/4+e(H—s(Q)N) (234)

+ HAtuHLz(Hlm(aQ)N) + “U0HH3(Q)NOW)'

Therefore, from (2.32)) and (2.34)) we obtain

Nwellvy + [l L2 sy + 1101 L2 s )

CT|| Al
e P21+ HAH?DEO) (Hfo“L?(H?(Q)N) + 10 foll2yn + I fall 2cmsrzo0))

+ 10 fall 220y + 10 fall prrave (=) + [Avul| grasave (gr—e v

<
(2.35)

+ | Avull 220007y + AU 2572 90y vy + ||U0||H3(Q)wa>-
Finally, we estimate || Awul|p2(p1/290)n), [|Aeu]] grsace gr—e vy and || Aul| g2 grs/290)v) by:
I Avull 220y < CllA L2z o)<y [[ull Lo (r20)v)
||Atu||H1/4+E(H*5(Q)N) < C||At||H1/4+e(L2(aQ)NxN) (||U||L2(H3(Q)N) + ||U||H1(H1(Q)N)>
and
||AU||L2(H5/2(aQ)N) < C(||A||Loo(H3/2(aQ)NxN)||U||L2(H3(Q)N)+||A||L2(H5/2(aQ)NxN)||U||L°°(H2(Q)N)>-

Using (2.29), (2.35) and the previous estimates, we find the desired estimate (2.9)). This
concludes the proof of Theorem
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2.3 Carleman inequality for the adjoint system

In this section we will prove a Carleman estimate for the adjoint system of ([2.3). In order to
do so, we are going to introduce some weight functions. Let wy be a nonempty open subset
of RY such that wy € w; € W' € w and 1 € C?(Q) such that

Vn| >0in Q\wy, 7>0in Q and 5 =0 on .

The existence of such a function 7 is proved in [FI96b]. Then, for all A > 1 we consider the
following weight functions:

o2l _ gAn(@) oMn(@)
R e A T
o’(t) = maxa(z,1),  ¢£(t) =ming(z, 1), (2.36)
a(t) = mina(z, 1), () = max£(r, ).

We consider now a backwards non homogeneous system associated to the Stokes equation:

—pr— V- (Dp)+Vmr=yg in  Q,
V-p=0 t in @, (2.37)
w-n=0, (c(o,m) n)y+ (A(z,t)p)y =0 on X,
(- T) =" () in  Q,

where g € L?(Q)Y and p? € H. Our Carleman estimate is given in the following proposition.

Proposition 2.4 Let A € P! N P2 There exists a constant g, such that for any A > Ao
there exist two constants C'(X) > 0 increasing on || Al pinpz and so(A) > 0 such that for any

ie{l,...,N}, any g € L*(Q)N and any ¢T € H, the solution of (2.37)) satisfies

// —6s07 (€993 | 2dardt
// —4sa* |g|2dxdt+s7 Z // —4sa—2sa* 12|%| dxdt)

J=Li#iy L

(2.38)

for every s > sq.

Before giving the proof of Proposition [2.4] we present some technical results. We first
present a Carleman inequality proved in [FCGBGPO06] for a general heat equation with
Fourier boundary conditions. To this end, let us introduce the system

=AY =fi+V-f n Q,
(Vi +fo) n=1fs on X, (2.39)
Q10(7,1—') = ¢T() in Q,

where f; € L*(Q), fo € L*(Q)Y and f3 € L*(X). We present now this result:
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Lemma 2.5 Under the previous assumptions on fi, f2 and f3, there exist X, 01,09 and O,
only depending on Q and w, such that, for any A\ > X, any s > 5 = o1(e”>T" + T?) and any
YT € L3(), the weak solution to (2.39) satisfies

// e B (sAXE|VY)? + AP dadt + s7N? // e~ 22y Pdodt
Q )

O // e (| f1]? + $2N2E2| foP)dadt (2.40)
s\ / / o2 | £y Pdodt + 524 / / e 2y Pdrdt ).
w1>< OT

The next lemma is a result for elliptic equations with non homogeneous boundary condition
that can be found in [IP03| (see also [FCGIP04]).

Lemma 2.6 Let y € HY(Q) satisfy

0
Ay—fo+za£] inQ: y=g, ondQ,
J

j=1

with fo, fj € L*(Q) and g € HY?(0SY). Then there exist three constants C' > 0, A > 1 and
7 > 1 such that for any A > X\ and any 7 > 7, we have

/ IVy[2e? dz + 7202 / 2y 2™ A
Q Q

1/2 2r 2 —1y-2 Y 2 _27eM
< C(T 12¢ ||9||H1/2(6Q) +77°A /e M fol7e”™ dx (2.41)
Q

N

+ZT/e’\’7|fj|QeZTede+/ (|Vy|2+72)\2e2A"|y|2)eQTeA"dw).
J=0 [e) w1

Remark 2.2 We can eliminate the local integral of |Vy|? in ([2.41)) at the price of having a
local term of |y|? in a open set wy satisfying wy € wy € w'. For these details, we invite the
interested reader to see [FCGIPOJ).

The next technical result corresponds to the Lemma 3 in [CG09].

Lemma 2.7 Let r € R. There exists C' > 0 depending only on r,€),wy and n such that, for
every T > 0 and every u € L*(0,T; HY(Q)),

82)\2 //e—Qsa r+2|u‘2dxdt
< 0 / / —20er Gy 2drdt 4 52N\ / / 23“5’”+2\u|2dxdt>

wo % (0,T")

(2.42)
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foe every A > C and every s > CT?.

Remark 2.3 In [CG0Y/, [FCGBGPO6] and [[P03] slightly different weight functions are
used to prove the above results. However, this does not change the result since the important
property is that a goes to 0 polynomially when t tends to O and T

We will now prove Proposition[2.4] Without any lack of generality, we treat the case N = 2
and i = 2. The arguments can be easily extended to the general case. Let us introduce (w, q)
and (z,7), the solutions of the following systems:

—wy =V - (Dw) + Vg = pg in  Q,
V-w=0 in Q,
w-n= 07 (O’(U}, q) ' n)tg + (At<x, t)w)tg == 0 on 27 (243>
w(-,T) =0 in  Q,
and
-z =V - (Dz)+Vr=—pp in 0,
V = 0 in Q,
Z-n= O’ (0-(27 T) * n)tg + (At(l‘7 t)z)tg = 0 on E’ (244)
2(,T) =0 in €,

where p(t) = e 2%, Adding (2.43) and (2.44)), we see that (w + z,q + r) solves the same
system as (py, pm), where (@, 7) is the solution of (2.37). By uniqueness of the Stokes system
with Navier-slip boundary conditions, we have

pp=w+z and pr=q+r. (2.45)

For system ([2.43) we will use Lemma and the regularity estimate (2.6)), namely
“wH%Z(O,T;H?(Q)?) + HwH%{l(O,T;LQ(Q)?) < CHIOQH%Q(Q)?: (2.46)

and for the system ([2.44]) we will use the ideas of [CG13] and [CG09].
We apply the operator V to the equation satisfied by z; and we denote ¢ := Vz;. Then
satisfies

—y — Ay = =V (p'p1) — VOir in Q.
Using Lemma [{.1] with f1 = —=V(p'¢1) — VOir and f, = 0, we obtain

T
s / / o203 2drdt < C<s3 / / e 25063 | 2t
Q 0 wi
e
by

for every A\ > X and s > ;. Here and in the following, C' will denote a generic constant
depending on 2, w and .
The rest of the proof is divided in three steps.

(2.47)

2
dodt + // e BV (p'¢1) + V(917‘|2dxdt>
Q
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a) In step 1, using Lemma we estimate global integrals of z; and 2. In addition, we
partially estimate the pressure in the right-side of (2.47)).

b) In step 2, we will estimate the normal derivative appearing in the right-hand side of
(2.47) and the global term of the pressure obtained in step 1.

c¢) In step 3, we will estimate all the local terms by a local term of ;.

Step 1. Estimate of z;. We use Lemma [2.7] with © = Vz; and r = 3:

T
$5 / / e=25€5 |, [2dadt < C<s3 / / =293 2dzdt + §° / / e_2$a§5|zl|2dxdt> (2.48)
Q Q 0 wo

for every s > C.
Estimate of z,. Let us first establish a general estimate : Ve’ > 0, 3C € R :

[ell gar2ver @2y < Clllwllzz@) + llwr mll 20 + 101wl g-12(0) < Clluallgaere ), Yu € W,

(2.49)
Indeed, for any f € H. := H'/**¥(Q)?> N H, we have (after an integration by parts)

/u-fdx:/ulfldx—/ ulnlfgda—i—/@lulfgdx, (2.50)
Q Q By Q

where f, € H'/2t<'(Q) satisfies
Df=fra e Q and ||f2||H1/2+s’(Q) < C||f2||H1/2+e’(Q) < Ol f[lm.-
Then, from ([2.50)), we readily obtain ([2.49)).
Let us now apply for u := z. We deduce

Ve > 0,3C eR: || || % < C||Zl||H1/2+s Q)

so that, using that HY/2*<'(Q) is the interpolation space (H(£2), L2(2))1/21c 2, we find
/ T * ’ *
si-2 / e 7B (€)1 |22, < O / / o250 (5*)3<32(£*)2\21]2+|Vz1]2>dxdt. (2.51)
° Q
Putting together (2.47)), (2.48) and (2.51]) we have for the moment

T
85 //625a£5’Z1|2dxdt+8425’/ ef2sa*(€*)472s"|z”?H/)/dt+S3 //ezsafg\Wdedt
0 1>
Q

// TSP |2 + 23|V *)dadt

o ffe

avzl’ do dt+// 25 (o oy +V81r|2dmdt>
(2.52)
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for every s > C.
Taking into account that

lai| < C(€)™H, o] < Osp(¢) /M (2.53)

and ([2.45)), we obtain

J[ewtonpastt = [ [ e2=10plo 219 (p00) Pandt

N N (2.54)
§C’<s2 //e_25°‘(§*)24/11|Vw1|2+32 //e—?sa(g*)24/11|Vzl|2dl,dt>‘
Q Q

The fact that s2e=252"(£*)24/11 is bounded allows us to estimate the first term in the right-
hand side of using . On the other hand, the second term in the right-hand side
of can be absorbed by the third term in the left-hand side of .

Additionaly, using the divergence-free condition on the equation of , we see that

Ar=0 in Q,

then
A(Voir)=0 in Q.

Using Lemma 2.6 with y = VO;r and Remark [2.2] we obtain
72/e2’\’7|V61T|QeQTede < C(Tl/2e27||V817“||§p/2(39) + 7'2/62A”|V31T|2e2mh]dm>
Q w2

for every 7 > C'. Now we take
s

(t(T —t))11°

T =

multiply the last inequality by

e2MInlloo
exp(—QsW),

and integrate with respect to ¢t in (0,7) to obtain

//e_Qsa|V(31T|2da:dt
Q

T T
<5 [ (€) V0l e+ [ [ Vo asdr),
0 0

w2

for all s > C.
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Combining this with (2.52)) and (2.54), we have for the moment

T
s° // e_25“§5|z1\2dxdt+ 34_25// e 25 (f*)d‘_QEIHZH?H/)/dt%— s3 // e_25a§3]Vz1|2dxdt
Q 0 Q
T
<C(||ng2L2(Q)2 +3// e 2
5

2
vz dodt 4+ s~/ / e (&) PRIV 3 2 9y A
T T
+ / / e 2|V r|Pdadt + / / e*2m(3555|z1\2+s353|v21|2)dxdt),
0 wo 0 wp

on

0

(2.55)
for every s > C.
Step 2. In this step we deal with the boundary terms in (2.55)), i.e,
oV r
2
s// e g Wzl‘ dodt and s~ / Rl (0 Wi | v/ TR PN (o0)dt-
by 0
Let us start by defining
2=0(t)z, T:=0(t)r, 0O(t):= gt (€*>10/11—5"
From ([2.44)), we see that (Z,7) is the solution of the Stokes system:
% =V -(D2)+Vi=—(0)z—0p¢ in  Q,
V-2=0 in @, (2.56)
z2-n=0, (0(27) n)y + (A(x,t)2)y, =0 on X, '
2(-,T)=0 in Q.

For this system, we have

J< (I8 e (€ 2 gy + 15767 €V 0p ey

< Ol e (€2 g gar y + 5% (€)2ull3agq

|| ||L2 DTH3/2 5( )

(2.57)
Observe that this inequality comes from Lemma 2.1 with a right-hand side in the interpolation
space
(L2(07 T7 Wl)a LQ(Q))1/2+€’,Q = L2(07 T> (Hs’)/)-

The fact that s3/2e=52" (£*)3/2 is bounded allows us to use (2.46)) and conclude that HZ||%2(0,T;H3/2,E,(Q)2)
is bounded by the left-hand side of ( and ||pgl|? 12()2- Using that

L} Q) = ((He’)/, m3 (9)2)3/4—5//2,27
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we deduce that s7/273¢||e=sa"(¢*)7/4=3¢'/ ?2||72(g)> is bounded by the left-hand side of (2.53)
and || ng%Q(Q)Q. Taking €’ > 0 small enough, we deduce in particular that

83// efQSa*(§*)3|z\2dxdt
Q

is bounded by the left-hand side of (2.55)) and || ,0g||%2(9)2

Next, we define
2= 0"z, =0 (t)r, 07(t) = sV e (£)2,

From (2.44)), we see that (z*,7*) is the solution of (2.56) with 6 replaced by 6*. Using again
(2.6) and taking into account (2.53)), we deduce

HZ*"2L2(07T%H2(9)2)0H1(O,T;L2(9)2) + HT*H%Q(O,T;Hl(Q)) + He*th%Q(O,T;LQ(Q)Q) (2.58)
<O(Jls2e7 (€22 Faigye + 1™ (€ ullfap ). |

Arguing as before we conclude that [|z*]|7, (0T H2(Q)2)NH (0.T-L2(2)?) is bounded by the left-
hand side of ([2.59)) and ||pg||7- @2

Now, let A R R
Z2:=0()z, r:=0(t)r, 0:= s V2gmsa” (f*)’lg’/m.

From ([2.44)), (2,7) is the solution of 1} with 6 replaced by 6. Observe that the right-hand
side of this system can be considered in L?(0,T; H*(2)?) N H'(0,T; L*(©2)?) and thus, using
the regularity estimate (2.9) we have

121122 (0,T;H4(Q)2)NH (0,T;H2()2)NH2(0,T:L2()2) T HfH%%o T,H3(Q))
<C<H9/2HL2 0,T:H2(Q)2)NH (0,T;L2(2)2) T H@p ‘PHL2(0TH2(Q)2)0H1(0TL2(Q)2)>

§C<||P9||L2(Q)2 + ||Z*||L2(0,T;H2(Q)2) + ||9*Zt||L2(o,T;L2(Q)2) + ||53/2€_sa (5*)3/2»2”%2(@)2)
(2.59)
From ([2.58)), the right-hand side of ([2.59) is bounded by

HSS/Zefsa*(5*)3/22’”%2@)2 and Hng%Q(Q)Q
Coming back to (2.55)), we find in particular

// e P P dadt + s // B |z P dzdt + || 27|72 (0.T;H2(Q)2)NH(0,T;L2(22)2)

+ “Z”L2(0,T;H4(Q)Q)HHQ(O,T;LQ(Q)Q) + |7 ||L2(0,T;H3(Q))
T

—osar| OVZ _ osa*
<C(||pg||%2(@z+s//e 2sag 1‘ dodt + s 3/2/e 2 Vo2 (o0t

% 0

T T
+//e_28a§2|valr|2dmdt—l—//e_%o‘(s5§5|zl|2—|—53§3|V21|2)dxdt>.
0 wso 0 w1

(2.60)
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Observe that the boundary term
T
8_3/2 /e—2sa 3/2||V81T||H1/2 aQ)dt
0

can be absorbed by the fifth term of the left-hand side of (2.60)).
In order to estimate the other boundary term, we notice that a and & coincide with o* and
&* respectively on X, so that

2
s//e_25a§ %) dadt:s//e
on
) b

1
for every ¢ > 0. Taking ¢ = 7 (any 0 <& < = Would work) and thanks to an interpolation

T

* avz1 2 —2sa™ ~% 2

W) dodt < Cs/e § ||Zl||H5/2+E(Q)dt
0

(2.61)

argument between the spaces L?(L?) and Lz(H 1), we obtain

T

S43/35 /e—Qsa*é.* ||21 ||§{88/35(Q)dt

0
T T
/6_2” )21 22 (g At + 5~ /e_2s“ e P IFoe dt),
0 0

for every s > C'. Coming back to | and using the above inequality, the boundary term

/ / ~2sa 8Vz1

can be absorbed by the left-hand side of - This ends Step 2.
Thus, at this point we have

// —25085 2 [Pdadt + s° // T2507 (€993 2| 2dadt

+ ||92||L2(o,T;H4(Q)2)mH2(o,T;L2(Q)2) + 10" Z||L2(0,T;H2(Q)2)mH1(o,T;L2(9)2)

T T
< C’(||pg||%z(Q)2 + //e_23°‘§2|V81r|2dxdt + //e_QSO‘(35§5|21|2 + 83§3|V21|2)dxdt>
0 wo 0 wi

(2.62)

dodt

for every s > C.

Step 3. In this step, we estimate the local term on VO, in the right-hand side of .
The other two local terms can be estimated in an easier way.

Let w3 be a open subset satisfying ws € w3 € w’ and let p; € C?(w3) with p; = 1 in wy and
p1 > 0. Then, integrating by parts and using that Ar = 0 we get

// e 22|V r[Pdzdt < C// —250¢2)| 9| Adadt.
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From ([2.44) and the estimate
|A(p1e—25a£2)| S 0826_25a§41w3, s Z O,

we obtain
T T
/ / e‘zméﬂvalri?dfdtSCSQ/ / e 2 |znal” + [ Az P+ ' P)dadt (2.63)
0 wo 0 ws

for every s > C. We will now estimate the two first terms in the last integral of (2.63]), the
third one being estimated in an easier way.

i) Estimate of z; ;. We integrate by parts with respect to ¢:

T T T
2
32//6230154’217,5‘2(11'(115: %//att(e2sa§4>’21|2d$dt—82//e28&54217tt21d$dt
0 ws 0 ws 0 ws
T T
84//G_QSQ(§)68/11|21|2d:L‘dt+82//é|217tt|é_le_25a§4|21|d$dt>,
0 w3 0 ws

where we recall that 0 := s~ /250" (£*)~15/22,
Using Young’s inequality for the second term we obtain for every ¢ > 0

T
82//6_28af4|21’t|2d$dt
<(s // ~2sgT| |2dmdt+5//|9| s Pdadt + C(e // a2 €02 )

(2.64)
The second term in the right-hand side of the above inequality can be absorbed by the
left-hand side of (2.62)).

ii) Estimate of Az;. Let w4 be an open subset such that ws € wy € W’ and let py € C?(wy)
with po =1 in w3 and ps > 0. Then, an integration by parts gives

// “2a e Az |Pdadt < s //p e ¢ Az [Pdadt

:—32//V( “2saehy LV Azydadt — 52 //p e 25UV Az - Vzdadt.

0 wq w4

Using the estimate

[V (p3e 2¢h)| < Cse py, s> C,
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and again Young’s inequality for the first term, we obtain

T
82//6_2sa§4|A21|2dxdt
0 ws
T T
<C’<s4//e_2w§6|v,zl|2dxdt—32//pge_Qs“§4VAzl-Vzldxdt>
0 wg 0 wy

4

(2.65)

vV Vv
I I

for every s > C.
Now, to estimate I; we consider ws an open subset such that w, € ws C W' and
ps € C?(ws) with p3 =1 in wy and p3 > 0. Then

I <s //p e 25¢65|V 2 Pdadt

// 2sa£8|2 ’ de’dt—i—S //,0 o 230456‘A21Hz1‘d33dt>
—C // 23a§8lz | d(l}dt+5 //;03(9 |Az ’e 28(1( ) 56’21|d$dt>

for every s > C. We recall that §* := s'/2e=32" (£+)%/22,
Using Young’s inequality for the second term we obtain for every ¢ > 0:

< // 2508 ) dxdt%—e//]@*Azﬂ dazdt + C(e // Tsat2sel 12 | d:cd)

(2.66)
for every s > C'. The second term in the right-hand side of the above inequality can
be absorbed by the left-hand side of (2.62)).

Now we estimate 5. An integration by parts gives

T T
I < 0(53//e250‘55\VA21H21]dxdt + 32//63250‘54|A221Hz1\dxdt>.
0 wg 0 wq

Using again the Young’s inequality, we obtain by an analogous argument the estimate:

1 < O(=62 a0 mony + O / / k2 0], Py, (2.67)

for every ¢ > 0 and s > C. The first term in the right-hand side of (2.67) can be
absorbed by the left-hand side of (2.62]).
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Finally, using the definition of the weight functions and ([2.46)), we readily obtain

T
87//e_4sa+28a*§12|21|2d1}dt

T
= / e T ) e ORI
0

ws ws

<25 / / e~ 150250 (£)12] 52 0 2t + | g2 -

0 ws

From (2.62) and (2.63)-(2.67)), we conclude the proof of Proposition [2.4]

2.4 Null controllability of the linear system

Here we are concerned with the null controllability of the following system:

Y — V- (Dy) + Vp = h+vx, in  Q,
V.y=0 in @,
y-n=0,(c(y,p) - n)y + (A(z,t)y)y, =0 on X, (2.68)
y(-,0) = yo(-) in  Q,

where yo € W, h is in an appropiate weighted space. We look for a control v € L?(0,T; H?(w)™)N
HY(0,T; L*(w)") such that v; = 0 for some i € {1,...,N}.

To do this, let us first state a Carleman inequality with weight functions not vanishing in
t=0.

Let £ € C?([0,T]) be a positive function in [0, T) such that ¢(t) > t(T —t) for all t € [0, T/4]
and ((t) = (T —t) for all t € [T/2,T].

Now, we introduce the following weight functions:

o2 nllse _ (@) )

Bla) = S ) = S

B*(t) = max B(z, 1), v (t) = miny(x, 1), (2.69)
zeN e

B(t) = min f(z, 1), A(t) = maxy(x,t).

Lemma 2.8 Let i € {1,...,N} and let s and X\ be like in Proposition 2.4 Then, there
exists a constant C' > 0 (depending on s and X\ and increasing on ||A| pinp2) such that every

solution ¢ of (2.37)) satisfies:
o 0) sy + / [ plepands

// ~ g2 dadt + Z // Bl G L PR dxdt)

J=Li#Y o

(2.70)
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Proof. We start by an a priori estimate for the Stokes system (12.37)). To do this, we introduce
a function v € C*(]0,T]) such that

=1 in[0,7/2], v=0 1in [37/4,T).

We easily see that (vy, vm) satisfies

—(v)y — V- (Drp)+V(vr) =vg— Ve in  Q,
V-(vy)=0 in @, (2.71)
(vp)-n=0, (c(vp,vm)-n)y + (A(x, t)ve)y =0 on 3, '
(ve)(T) =0 in Q.
Using ([2.6) we have in particular
el z2o,z/2:22 )y + 1o (5 O) | L2 @»
CT||A|l>
< Ce id (1 + HAH%EO) (HQHL2(0,3T/4;L2(Q)N) + H90HL2(T/2,3T/4;L2(Q)N)>-
Taking into account that
e >C>0Vte[0,3T/4] and e %7 (43 >C >0, Vt € [T/2,3T/4)],
we have
T/2
//-W* PlePdadt + [o( 0) ooy
3T/4 37/4 (2.72)
< oM (141413, / / 45 g2 dadt + / / () Pdadt).
T/2 Q

Note that, since « = 8 in Q x (T/2,T), we have:

T
//‘“5 Plpl*dadt = //é““wPMMMt
T/2 Q T/2 Q

and by virtue of Carleman inequality ([2.38]) (see Proposition , we obtain

// 05 ()20 dxdt<(} // —gPdadt + Z // Az (£ 2]y 2 dxdt)

T/2 Q I=Li# Y
Since ((t) = t(T —t) for any t € [T'/2,T] and
e > O and e ¥ () >C in[0,T/2],

we readily get

/ / 05 ()20 dxdt<(} / / g Pdedt + Z / / 42907 12|Xwgoj|2dxdt>.

T/2 Q J=Li#Y o
(2.73)

From ([2.72)) and (2.73]) we obtain (2.70)).
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Remark 2.4 Observe that on the left-hand side of ([2.70)) it is possible to add two terms and

obtain
e ()22 012 mascavony + // " ()91 Pt

+ 1Ol + / [ (o pPlpands .
// —4sB3* ‘g‘ dzdt + Z // —4sp— 255* 12‘Xw@j|2d$dt>
J=L3#1

To this end, we consider 6 := 3" (v*)%22 and (0, O7) the solution of ([2.71)) with 0 instead
of v. Neat, taking into account that |9,8*| < C(v*)'¥/", |@| < Ce_3sﬂ*(’y )32 and the

reqularity estimate (2.6)), we obtain (2.74)).

Now we are ready to prove the null controllability of system ([2.68). The idea is to look
for a solution in an appropriate weighted functional space. Let us set

Ly=y:—V-Dy
and let us introduce the space, for N =2or N =3 andi€ {1,..., N},

By = {(0.p.0) - 7y, 5 (350, g € L2(Q), v € L0.T; ()"
v =0, suppv C w x (0,1, X% () 12/My € vy, &8 (v*)32(Ly + Vp — vxw) € L2(Q)N},

where

pi= 6_483_285*(*3/)12 and p:= p_lé.

It is clear that E, is a Banach space for the following norm:
P
+ ||p~v”%2(0,T;H2(Q)N) + ”6255* )

e 1/2
e () Ly + Tp = ox o)

1(y, p,v)]| Ze@n + €257 (3) 0l g + 1500 32q)

712/11y||y1

Remark 2.5 Observe in particular that (y,p,v) € EY implies y(-,T) = 0 in Q.
Proposition 2.9 Assume the hypothesis of Lemma[2.§ and

yo €W and € (v*)32h e LAH(Q)V. (2.75)
Then, we can find a control v such that the associated solution (y,p) to (2.68|) satisfies

(y,p,v) € EY. In particular, v = 0 and y(-,T) = 0 in Q. Furthermore, there exists C > 0
increasing with respect to || Al pinp> such that

ol 20 22y + ol oz < € (ol ms@pvow + IRl )- (2.76)
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Proof. Following the arguments in [ECGIP04], we introduce the space Py of functions
(o, m) € C*HQ)N*! such that

(i) V-o=0 inQ.

(il) (o(p,m) - n)iy + (A(z, 1))ty =0 on .

(iii) ¢-n=0 on X.

Also we define the bilinear form

a((p,7), (w,q)) = //e_“ﬁ*(L*gb + V7)(L*w 4 Vq)dxdt
Q

+ Z / ~4sp~ 2587 () 2y i xw;dadt,

J=L3#y

for every (w, q) € Py, and a linear form

_ / / hewdadt + / yol-) - w(-, 0) d, (2.77)
Q Q

where L* is the adjoint operator of L, i.e.,
L'w = —w; — V- Dw.
Observe that Carleman inequality (2.70) holds for all (w,q) € Fy. Consequently,

// —655 |u)|2dxdt < C’a((w C_I) (w7Q))> v(w,Q) e bF.

Therefore, a(-,-) : Py x Py — R is a symmetric, definite positive bilinear form on F,. We
denote by P the completion of Py for the norm induced by a(-,-). Then, a(-,-) is well-
defined, continuous and again definite positive on P. Furthermore, in view of the Carleman
inequality and the assumption (4.16), the linear form (w,q) — (G, (w,q)) is well-
defined and continuous on P. Hence, from Lax-Milgram’s Lemma, there exists one and only
one (¢, ) € P satisfying:

a((¢,7), (w,q)) = (G, (w,q)), V(w,q)€P. (2.78)

Let us set

~ _—4sp* * A A .
y=-e L*¢+V7) in Q,
{ ( ) (2.79)

—€_4SB_285* ( N

b = AN 2Pixws £, B =01inwx (0,T).

Let us remark that (g, v) verifies

(@ / [ e 1+ vz + 3 / [t ) Paat

J=L3#y
// 4s3*

g|*dxdt + Z // 43B+2sﬁ )10, *dedt < +o0.

J=Li#AY

48



Let us prove that ¢ is, together with some pressure p, the weak solution of the Stokes system
in (2.68]) for v = 0. In fact, we introduce the (weak) solution (7, p) to the Stokes system:

Lij+Vp=h+ oy, in Q,
Veg=0o i Q. (2.80)
g-n=0,(c(g,p) n)y+ (Alz,)§)yy =0 on X,
7(-,0) = yo(-) in Q.

Clearly, 7 is the unique solution of (2.80]) defined by transposition. This means that 7 is the
unique function in L*(Q)" satisfying

é/?}-gdxdt = Q/yo(-)-w(-,O)dx%—é/h-wdxdm—é/@.wxwdxdt’ Vg € L2(Q)Y, (2.81)

where w is, together with a pressure g, the solution to

L'w+Vg=g in @,
V-w=0 in  Q,
w-n=0,(c(w,q) n)y+ (A(z,t)w)yy, =0 on X,
w(-,T)=0 in Q.

From (2.78) and (2.79), we see that g also satisfies (2.81]). Consequently, § = ¢ and ¢ is,
together with p = p, the weak solution to the Stokes system ([2.80)).

Finally, we must see that (i,p,0) € EY,. We already know that
828’3*3), erB—i—sB* (,3/)—67} c LQ(Q)N

and (see (E16))

B () 2(Ly + Vp — iy, € L2 (Q)N.

Thus, it only remains to check that
()M ey, and  pi € LP(0, T HA(w)N) N HY(0,T; L*(w)™).
i) We define the functions
gt = 2T ()12 e 02987 (1)~ 12/1

and
B* = 6256* (’7*)_12/11(h+@Xw)-

Then (y*, p*) satisfies:

Ly* + vp* — h* + (625[3* (7*)712/11)1y in Q,
V-y* =0 in  Q,
y -n=0, (o(y*,p*) nhy+ (Alz,t)y*)y =0 on X,
y*(,0) = 7O (y7(0)) "My () Q.

Since h* + (e (v*) 712/ € L2(Q)N and yo € W, we have y* € Y] (see Lemma
in Section 2).
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ii) Now, let us bound the H'(0,T; L?(w)") and the L2(0,T; H?(w)") norms of the control.
Using ([2.79), we obtain

N T

S [ U0 e + 165 o

=LA Y
<c Z // 6587 ()33, )P davdt + // 0210,0;|2dxdt + ||6; |2 oTHQ(Q))>
Q

J=1,j#i

Taking into account that (2.70) and Remark hold for all (¢, 7) € Fy, we readily
obtain

N T
> / (1100511 2wy + 1951172y )dadt < Cal(@,7), (&, 7)). (2.82)

j:]w.j#l 0

Finally, from the continuity of G (see (2.77))) and (2.78)), we deduce (2.76). This ends the
proof of Proposition [2.9]

2.5 Proof of the main result

In this section we give the proof of Theorem using classical arguments. The first step
is to apply Kakutani’s fixed point theorem on the boundary. Finally, we will deal with
the nonlinear term in the Navier-Stokes equations through an inverse mapping theorem to
conclude the proof of Theorem [2.1]

2.5.1 Nonlinearity on the boundary conditions.

In this section we present the local null controllability for the following system:

ye — V- (Dy) + Vp=h+oxe in @,

V.y=0 in @, (2.83)
y-n=0,(o(y,p) n)g+ (f(y)yy =0 on X, '
y(-,0) =o(") in Q.

Theorem 2.10 Let us assume that f € CH(RY;RY) and f(0) = 0. Then, for every T > 0,
wCQandie{l,...,N}, there exists § > 0 such that, for every yo € H*(Q)N NW, he Y,
satisfying €% (v )73/2h € L*(Q)V,

12llve + llvollgs@vew <6 (2.84)
and the compatibility condition (2.2)), we can find a control
ve L*0,T; H*(w)™) N HY(0,T; L*(w)™)
and an associated solution (y,p) of satisfying y € Yo and such that (y,p,v) € E\,.
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Proof. For every z € Z. (recall that Z. was defined in (2.4))) we consider the following

system:
v — V- (Dy)+Vp=h+uvx, in  Q,
Vey=0 in-Q, (2.85)
y-n=0,(0(y,p) n)y+ (9(z)y)y =0 on X,
y(+,0) = vo(-) in  Q,
where
X 1
= N/Vf(TZ)dT
0

On the other hand, observe that since f € C*(RY;RY), each row and each column of g(z)
belongs to Z.. Then, for every z € Z. we can use Proposition with A = ¢(z) and deduce
the existence of a control v, belonging to L*(0,T; H*(w)N) N H(0,T; L*(w)") such that the
solution (y,,p,) of satisfies (y.,p.,v.) € E\.

Moreover, from ([2.76]) we have

PiAp?) (HyoHH3(Q>NmW + HhHLQ(Q)N>’
(2.86)

HvzHL2(O,T;H2(w)N) + H’UZHHl(QT;LQ(w)N) < Ci(w, T, |g(2)
where C) is increasing with respect to ||g(2)||p1npe2.

Next, taking into account that v,, h € Y; and the compatibility condition (2.7 with wug

replaced by yo, A(+,0) replaced by g(yo(+)) and fa(+,0) replaced by 0 (see (2.2))), we can apply
Theorem to system ([2.85)). Combining this with (2.86)), we can obtain that y, € Y5 and

I9:lha < a0, 7. l9(2) ) (ol + ). (258)

with C; increasing with respect to ||g(2)||p1npe (see (2.10)).
Let C(2) be the set constituted by the controls v, € L2(0,T; H?(w)™) N HY(0,T; L*(w)™)
that satisfy (2.86)) and drive the solution y, of system (2.85) to zero at time T". Then, let us

introduce
A(z) := {y. solution of (2.85)) : v, € C(z

Observe that, thanks to -, A(z) is included in Y5. Moreover, for any z € Y5 such that
|z]ly, < 1, we have ||g(2)||prinpe < M, where M > 0 is a constant only depending on &, T
and (). Consequently,

lslls, < Co(2,w, 7. 00) (Nl sy + ;)

1
(see (2.87))). Choosing now § := o T ) in , we find [|y.|ly, < 1.

Now, we want to establish that the set-valued map A : K — 2K possesses a fixed-point,

where o
K = BY2<O; 1) {y €Yy ||y||Y2 < 1}
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For this end, we will apply Kakutani’s fixed-point theorem (see for instance [AF09], Theorem
3.2.3, page 87):

i) A(2) is a nonempty closed convex set of L*(Q)Y, for every z € K.

ii) K is a nonempty convex compact set of L2(Q)".

iii) A is upper-hemicontinuous in L*(Q), i.e, for any A\ € L*(Q)", the mapping

z— sup (AN, Y) 2y
yEA(2)

is upper semicontinuous.

i) For every z € K, let (y*) C C(2) such that y* — y, in L*(Q)". From (2.86)), we find

(at least for a subsequence) that v* — v, in L?>(Q)". Let us denote w, the solution of

(2.85) associated to v := v,. Then, yf/ — w, satisfies (2.85)) with h := 0, v := vf/ — v,
and 7o := 0. Thanks to (2.6)), we have y* — w, in L*(Q)" in particular and so y, = w..
This shows that A(z) is closed. The convexity of A(z) is trivial.

ii) Since Y, is compactly embedeed into L?(Q)%, the second item holds true.

iii) Finally, let us prove the upper-hemicontinuity of A. Assume 2z, — z in L*(Q)Y. In
consequence from the compactness of A(z;), we have

sup (N, y) 2@y = (A Uk)r2(Q) s
yEA(2k)

for some y;, € A(zg). Then, we choose (zx) C (2x) such that

Jim y:ﬁi/)(% Yiz@y = Hm A yw) 2y
and denote vy the controls in C(z) which are associated to yp € A(zy). From
([2.86), there exists v* € L*(0,T; H*(w)") N H'(0,T; L*(w)") such that vy — v* in
L0, T; H*(w)M) N HY(0,T; L*(w)Y) and v* € C(z). In particular, vy — v* in L*(Q)N
(for a subsequence). Now, let (y*, p*) be the solution to associated to v*. We set
gk’ =Yg — y*, ﬁk’ = Pk — p* and f)k/ =V — v*. Then,

(Uk)e — V- (DY) + VD = U Xw in @,
V-G =0 in @,
Ui - =0, (0(Jr, Drr) - )eg + (9(2)Tn)eg = ([9(2) — g(2w)]yn)eg on X,
gk/(', O) = 0 in Q

Taking into account that g(zp) — ¢g(2) in Z., one can prove that in particular

k/
Ilg(2) — g('zk/)]yk’HL2(O,T;H1/2(BQ)N)QH1/4+E(O,T;H—E(aﬂ)N) === 0.

Then, from Lemma 2.2 we can deduce that yi — y* in Y;. Additionally, y* € A(z) and
therefore,

lim sup (A, y)r2@n = lm (A yw) 2@y = (A, 4 ) 2@y < sup (A y).
k' =00 yEA(zr) k' =00 yEA(2)

This concludes the proof of Theorem [2.10]
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2.5.2 Nonlinearity in the main equation.

Theorem 2.11 Suppose that By, By are Banach spaces and
A: B, — By

is a continuously differentiable map. We assume that for V9 € By, V5 € By the equality
A(b)) = by (2.88)

holds and A'(09) : By — By is an epimorphism. Then there exists 6 > 0 such that for any
by € By which satisfies the condition

165 — balls, < &
there exists a solution by € By of the equation

A(bl) - bg.

We apply this theorem for some given i € {1,..., N} and the spaces
By = {(y,p.v) € Ey : y € Ya}
and
By == {(h,yo) € [L2(e*# (v*)72(0,T); L2 Q)M NY1] x [H3(Q)N N W] : h,y, satisfies (2.84)}
We define the operator A by the formula
Ay, p,v) = (Ly + (y - V)y + Vp — vxw, y(-, 0)).

Let us see that A is of class C'(By, By). Indeed, notice that all the terms in A are linear,
except for (y - V)y. We prove now that the bilinear operator

((y", p", "), (4%, p%0%) — (v V)y°

is continuous from By x By to L2(e3#" (v*)=3/2(0,T); L2(Q)N) N Y;.
In fact, notice that (see the definition of the space EY):

623,8* (7*)712/11y c LZ(O,T; LOO(Q>N)

and
V(e ()T My) € L=(0, 75 L2 (2)V).
Consequently, we obtain
17 ()2 (y" - V)Pl @)
< Ol () Myt V)P () T gy
< OHGQSB*(7*)_12/11y1||L2(0,T;LOO(Q)N)HGQSﬁ* (7*)_12/11?J2HL00(0,T;W)-
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On the other hand,
H(yl : V)yzl‘yl < CHyluyzquHYz'

Notice that A4'(0,0,0) : By — By is given by
A'(0,0,0)(y, p,v) = (Ly + Vp — vxw, y(-,0)), for all (y,p,v) € B.

In virtue of Theorem [2.10] this functional satisfies Imm(.A'(0,0,0)) = Bs.

Let 02 = (0,0,0) and 09 = (0,0). Then equation obviously holds. So all necessary
conditions to apply Theorem [2.11] are fulfilled. Therefore there exists a positive number &
such that, if ||y(-,0)|| gs@vaw < 0, we can find a control v satisfying v; = 0, for some given
ie {1,...,N} and an associated solution (y,p) to satisfying y(-,7") = 0 in €. This
finishes the proof of Theorem [2.1]
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Chapter 3

First inverse source problem for the
Stokes system

3.1 Introduction

We consider the inverse problem of determining the spatial dependence of a source in the
Stokes system of the form f(z)o(t) defined in 2 x (0,7), assuming that o(¢) is known and
f(z) is divergence free. The only available observations are single internal measurements of
the velocity, in which one of its components is missing. Under some hypothesis on o we prove
uniqueness of this inverse problem via some explicit reconstruction formula. This formula
provides the spectral coefficients fi, of the source f in terms of a family of null controls A(™)
for the corresponding dual system indexed by 7 € (0,7]. Let Q be a nonempty bounded
connected open subset of RY (N = 2 or N = 3) with smooth boundary I". Let T > 0 and
let w C €2 be an arbitrary nonempty subdomain. Given an initial data yy, we consider the
following Stokes system:

y — vAy +Vp=F(z,t) in Qx(0,7),
V-y=0 in Qx(0,7),
y=20 on I'x(0,7),
y(+,0) = wo in  Q,

(3.1)

where F'(z,t) = f(z)o(t) represents the source term or density of external forces causing
the movement of the fluid and v > 0 is the diffusion coefficient. Let us now introduce usual
spaces in the context of problems modeling incompressible fluids:

Vi={yec Hi(Q)Y :V.y=0in Q}

and
H={yecl*DY:V.-y=0inQ, y-n=0o0nT},

where n(x) is the outward unit normal vector to 2 at the point z € T.
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It is well known that if F € L?(0,T; H) and yo € V, then there exists a unique solution
(y,p) for the system (3.1]) such that y € L*(0,T; (H?(Q) N HE(Q)N)n HL(0,T; L*()Y) and
p € H'(0,T; L*(Q)).

Our aim is to establish a reconstruction formula for the following inverse problem: deter-
mining the source f(x) in the system from local and missing velocity data. That is to
say, from N — 1 scalar components of the velocity field y and its time derivative 3; in some
strict subset or observatory w C € measured during a time interval (0, 7).

Inverse problems of this type for the Stokes or Navier-Stokes system have been not stud-
ied intensively. The closest-related results can be found in [CIPY13], [IY00] and [Mar15].
In [CIPY13|, the authors proved the Lipschitz stability of recovering the spatially part of
a source term for the linearized Navier-Stokes equations with data yl., «(0,7), ¥|eyxo Where
wi C €1 is an arbitrary subdomain and 0 < # < T'. In this case, the density of external force
is F' = R(xz,t)g(x), where R(z,t) is a vector-valued function known and g(x) is unknown.
On the other hand, in [IY00] the authors considered the same external force as in this work
F = f(z)o(t), but they focus on recovering f from data y|u,x(0,1): Plusx(0.1), Yl{o3x2: Plioyxas;
where ws is an arbitrary subdomain and 0 < # < T'. In all these studies, the arguments are
based on the general Bukhgeim-Klibanov method to obtain stability based on global Carle-
man estimates [KIi81]. We also refer to the more recent work [Marl5], where the authors
use spectral analysis on unsteady Stokes/Brinkman system in order to prove identification
results for (F,g), where F' is the external source and g = V -y is the compressible source
term. In this article, the identification is obtained from one or several spectral measurement
of the normal component of the stress tensor on the whole boundary.

There exists a complete different approach to this problem based on the relationship
between null-controllability and inverse problems. This method was firstly developed for
hyperbolic equations in [Yam95|] and then extended to parabolic equations in [GOT13]. The
advantage of this methods is that they provide an explicit recovery formula for the source
f(x) in terms of local measurements and null-controls. The main difference between the
hyperbolic and the parabolic case is that in the first case just one type of null-controls are
required (controlling from 7' to 0) meanwhile, in the second case a family of null-controls
appears (controlling from 7 to 0 for 7 € (0, 7T].

Also using the connection between null controllability and several inverse problems, in
[GT11], the authors study the conditional logarithmic stability for the source inverse prob-
lem for a wide class of parabolic equations for regular enough sources and from internal or
boundary measurements. The results are then extended to the Stokes system.

Our main results, Theorem and Theorem provide a reconstruction formula of each
Fourier coefficient of f by means of N — 1 components of local measurements of the solution
y of system (3.1]). The main ideas for obtaining this formula have been taken from [GOT13].
However, the full adaptation to the Stokes system has the following new challenges:
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e We will able to recover only the divergence-free part of the source f from the local (in
space) velocity, but without measuring the pressure. This makes a difference with the
previous works [IY00] and |[CIPY13].

e Instead of using the classical null-controllability results for the Stokes system (see for
instance [FI96b], [FCGBGP06]), we have to consider [CG09], where the authors obtain
the null-controllability for the N-dimensional Stokes system with N — 1 scalar controls
through Carleman inequalities. This fact allow us, by duality, to consider local mea-
surements of the velocity with one missing component for the reconstruction. Under
our knowledge, this is a completely new application of the global Carleman inequalities
with missing components of this type.

e Numerically, in order to approximate a null-control with one vanishing component, it
is necessary to introduce two regularizing parameters @ > 0 and § > 0. The first
one is classical (see for instance [GLHO§|, [Lio71]) and it serves to penalize the exact
null final condition. The other parameter is new and it is added in order to penalize
the vanishing component. This generalize the case considered in [GOTI3] to missing
components in the multidimensional case.

This chapter is organized as follows. In Section we first prove the uniqueness and
reconstruction results, Theorem and Theorem [3.5] Next, in Section [3.3] we give a method
to approximate null controls with one vanishing component and prove its convergence. Fi-
nally, in Section we implement this method and present several numerical experiments
that show the feasibility of the proposed recovering formula.

Before starting with Section [3.2] we recall some preliminary lemmas concerning the null
controllability of Stokes system using null controls with one vanishing component.
The following Theorem was proved in [CG09] and establishes the null controllability for the
N-dimensional Stokes system with one vanishing in the control using Carleman inequalities.

Lemma 3.1 Given 7 € (0,T], w C Q with nonempty interior and po € H, there exists a

control b = h()(pg) € L2(0,7; L2(Q)N) with hy) =0 for some j € {1,---, N}, such that
the solution ¢ of the problem

—¢y — vAG+ Vi = A7) Lo in Q2 x(0,7),
V.-p=0 in Qx(0,7),
»=0 on I'x(0,7),
8(+7) = g0 n 0

satisfies

$(-,0) =0 in Q. (3.3)
Moreover, there exist constants Cy > 0 and Cy > 0 depending only on 2 and w such that
T 7'9
1A 20, 7:220)%) < Coe™™ [l ol 2oy (3.4)
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Remark 3.1 The proof of Lemma|3.1| is equivalent to the following observability inequality:

N T
lw(T)[}q) < Coe™/™ > //|wi\2da:dt, (3.5)

=iy Y
where (w, q) is the solution of the adjoint system

wy —vAw+Vg=0 in Qx(0,7),
V-w=0 in Qx(0,7),

w=0 on I'x (0,7), (36)
w(+,0) given in .

Finally, we recall technical results about the Volterra equations of first and second kind
we need afterwards. For more details, the interested reader can see [GOT13|, [Tri57] and
[Yam95].

Lemma 3.2 For 0 <t <7 <T and every n € L?(0,7; L>(Q)Y), there exists a unique
0 H (0, 7; L*(Q)N)

satisfying for every i € {1,..., N} the Volterra equation of the second kind

T

c(0)0,0i(x,t) + /(U(S —1)0;(x,s) + o' (s — 1)00;(x, s))ds = n;(x, ), (37)

t

Oi(x,7) = 0.
Furthermore, there exists a constant C > 0 depending on ||o|lw1.e(0,r) such that
101171 0,22 )8y < Cllnllzzo,rz200)%)- (3.8)

Lemma 3.3 We define the operators K : L*(0,T; L*(Q)Y) — HY0,T; L*(Q)™) and L :
L*(0,T; H'(Q)) — L*(0,T; H'(2)) by

t t

(Kv)(x,t) :== /a(s)v(x,t —s)ds, (Lqg)(x,t):= /a(s)q(x,t — s)ds. (3.9)

0 0

There exists a positive constant C' depending only on Q,T and ||o||lw1.(01) such that
ClE om0y < lollezgy < (1K momc2@m)- (3.10)

C||LQHL2(0,T;H1(Q)) < ||Q||L2(Q)N < ||LQ||L2(O,T;H1(Q)N)-
Furthermore, the adjoint operator K* : H'(0,T; L*(Q)N) — L*(0,T; L*(Q)") is given by

(K*0)(z,t) = 0(0)0,0(x,t) + /(a(s —t)f(x,s) +0'(s —t)00(x,t))ds. (3.11)
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3.2  Uniqueness and reconstruction with one missing
component

We now address the uniqueness and the reconstruction of the inverse source problem for the
Stokes system following the same ideas of [GOT13]. The main differences here are on
one side that we are in presence of a systems of N equations and we have to project into
the H space in order to eliminate the pressure. On the other side, we observe the velocity
with one missing component, so we should use by duality null-controls with one vanishing
component.

Our first result is given in the following theorem (analogous to Theorem 1.3 in [GOT13]).

Theorem 3.4 Let 0 € WH(0,T) with o(T) # 0. Given py € H, for each 0 < 7 < T, let
R = (hg-T))éV:l be a null control associated to problem (3.2)) extended by zero in (7,T] with

R =0 for some j € {1,---  N}. Let 0 be a solution of (3.7) for n = b extended by

j
zero in (1,T|. Then

(f, 00) 2@y = L+ C1 +Cy,

where
v
‘C((pO) = _O'(T) (A ('7 T)a 900>L2(Q)N7
J(O al
Cih=—=% (yi, ei(T))Hl 0,7;L2(w))»
N T
Co = Z / o ) (5, 07 1 0,112 s
1:1 JdF#£j 0

Moreover, if o'(t) = 0 for t € (T —&,T) for some ¢ > 0 or o'(t) = e /T~ p(t) for all
€ (0, 7), pe L>(0,T) for large C, then we obtain the stability inequality

N

1@ < (1800 Dlzay + 3 Illmoriey) (3.13)

i=1ij
with C' ~ O(e“V<*) and C\ is the constant appearing in (3.4).

Remark 3.2 Notice that the reconstruction formula involves a system of equations
and one missing component of the velocity in the observatory w x (0,T) since we consider
a family of exact controls h\™ having one vanishing component. This is the main difference
with the reconstruction formula presented in [GOT13] for scalar parabolic equations.

Proof of Theorem[3.4]. Using the operators K and L defined in Lemma[3.3]it is easy to see that
if (w, q) satisfies (3.6)) with initial condition w(0) = f then y = Kw and p = Lq satisfy (3.1)).
T

Evaluating the main equation (3.1]) in 7', using that y,(7") = o (0)w(T)+ [ /(T — s)w(x, s)ds,
0
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after multiplying by ¢y € H and integrating in space, we easily deduce that

o(T)(/, SOO)L2 = 0:)F 1), 900)L2( N _V<Ay('7T)79DO)L2(Q)N
+/U ' 8), po) 2@ ds (3.14)

since

(Vp(-,T), 0)2(@n = 0.
Next, observe that for all 7 € (0,77, the term (w(-,7),¢0)r2@)~ can be evaluated by mul-
tiplying the principal equation in by ¢ solution of the control system , and after
using integration by parts in the domain Q x (0,7). Then, if h(") is extended by zero for
7 <t <T we have

(w(-,7), o) 2@y = //w1 2, )\ (2, t)dadt. (3.15)

i= 17&]0 o

On the other hand, from (3.7 and (3.11)) we can consider the Volterra equations: K *(9@) =
hi(T), ie{l,...,N},i# j, where Qi(T) (t) = 0for 7 <t < T. Then, by solving these problems
and using y = Kw we obtain

N
(w(-,7), ¢0) 2@ = — Z (wi, K*6 L2 0T5L2(w) = — Z (yiaei(T))Hl(O,T;LQ(w))-
i=1,i#j i=1,i#j

Hence, applying the above identity in (3.14)) for every ¢ € H, we have

N
o(0
(fs o) 2@y = o) Z (1,6, ) 1 0.1 12(00) — (Ay(T), p0) 2@
o )izl,i;éj o)
v (3.16)
i Y [T 9 D mamas
o(T i=1i%5 )

The stability result (3.13)) is deduced following the same proof as in [GOT13|] Theorem 1.3,

from (3.4)) and (3.8) since

16¢ N 1 0.7 L2 () V) < Ot |2 o2 < Ce /e ol L2y~

This concludes the proof of Theorem [3.4]

As in [GOT13], notice that the information of Ay(-,T) in € is not available in many
applications, in fact, we will see that f can be recovered only from information of Ay(-,T'),
so formula is useless. If we only have access to the measurements in the observatory

x (0,T), we can deduce the reconstruction formula of Theorem

Our second result is the following (analogous to Theorem 1.6 in [GOT13]).
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Theorem 3.5 Let f € L*(Q)Y and let {( M\, @r) buso be the eigenvalues and (L*)N -orthonormal
eigenvectors of the Stokes operator in  with homogeneous Dirichlet boundary conditions.
Given 0 € Wh=(0,T), o(T) # 0, such that

V)\k

T
ag:=1— m/o e M I=95(5)ds # 0, (3.17)

for some k > 0, then we have the local reconstruction formula
Py fr. = a;, ' (Cux + Cor), (3.18)

where Py represents the orthogonal projector from L*(Q)N onto H and Cyj, = C1(¢), Cop =
Co(pr) were defined in Theorem which only depend on the local observations of N — 1
components of the solution of (3.1)).

Proof of Theorem[3.5. To prove the Theorem [3.5] we introduce the eigenvalues and eigenvec-
tors (g, ¢r)pen Of the Stokes operator in € as follows:

—App+ V= Apr in Q
Voppr= 0 in €, (3.19)
vr= 0 on I,

and we choose ¢ orthonormal in L?(Q)" such that the solution u of (3.1 admitted the
representation

=S aBgula), Vi=1,... N
keN

On the other hand, from (3.1)) and (3.19) it is easy to check that the coefficients oy () are
given by

ag(t) = fk/e_”’\’“(t_s)a(s)ds, (3.20)
0

where fi = (f, ¢r)r2)~ are the unknown coefficients of the source term f, which satisfies
the divergence free condition.

Additionally, by integration by parts and using and - we obtain

/Ay(x, T) - op(z)de = =X (y(-, 1), or) 2@y = —Awaw(T). (3.21)
Q

Then, from (B16), (8:20) and (B:21) we get

N
(Puf, or)r2@n == fr = —alzl( ! Z Yi, 0,3 ) H (0,7302 ()
i=1,i#j
N T
Ly /0 = 8) (¥ 05 i 0.1:12(w) )d8>
i= 1175]0

where a; was defined in (3.17)). Thus the proof of Theorem is complete.
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Remark 3.3 In Theorem the reconstruction formula (3.18)) is valid if the coefficient ay
defined by (3.17)) is not zero. This is true for every k € N in the following particular cases
of time dependency o of the source (see [GOT13)):

a) o := oy constant.
b) 0 :=01(t) a non-negative and increasing function.

c) 0::02()—1—1——005(4“t> fort <T —¢ and oy =3 fort>T —e.

Notice that Theorem (3.5 can be extended to the case in which a linear term d(¢)y(x,t) is
added to the main equation in (3.1)), with d € W>°(0,T), so, the new system will be given
by:

gy —vAy +d(t)y+ Vp= f(z)o(t) in  Qx(0,T),

V.y=0 in Qx(0,7),
y=20 on I'x(0,7),
y(-,0) = o in  Q,

In fact, it is known that the observability inequality is valid in the presence of this
linear term in the controlled system and the corresponding adjoint system . Thus,
using the same scheme of the proof of Theorem (3.5 it is easy to obtain for the above system
the following Corollary.

Corolary 3.6 Under the hypothesis of Theorem and d € Wt*°(0,T), if

T

T
A — VA (T—8)+ [d(y
ag Vk/e LI (s)ds#(),
0

for some k > 0, then we have the local reconstruction formula
Py fr = a; ' (Cix + Cox + Cap.),

where Py represents the orthogonal projector in L2(Q)YN onto H, Cij, = C1(¢r), Cor = Ca(pr)
were defined in Theorem [3.4] and

T
d(T)
Csp = (T) /U ) (s, l(k))Hl(UTLQ( yds.

1:1 JA#£] 0

3.3 Convergence of two-parametric optimal controls
to null controls with one vanishing component

We also study the null controllability problem mentioned in Lemma3.1] through a sequence
of optimal control problems, by introducing relaxation parameters o > 0 and 5 > 0. Then,
for every 7 € (0,71, let us first characterize the control of minimal norm in L?(0, 7; L*(Q)")
by an optimal system. For ¢ € H fixed, we consider the cost functional J, s defined by

5> //|h|dxdt+6//|h|dxdt+—||¢< DI

i=1i#7 ) o
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where o and § are arbitrary positive numbers, which are associated respectively to the exact
final condition ¢(-,0) = 0 (with ¢ the solution of (3.2))) and the internal control with null
j-th component. Next, we consider the following optimal control problem:

min Jap(h). (3.22)

heL?2(0,7;L2(w)N)

In |[GOT13], the authors proved a similar result of optimal control for scalar parabolic
equations. The novelty here is the additional parameter f3.

Theorem 3.7 The following statements hold:
(i) For every a > 0 and for every f > 0 there exists a unique solution h = h(a, 3) to
(3.22) where h is characterized by the following optimality system:

—@gb — VAQb + V= h,(T) 1w><[0,7'] in Qx (O, T),
V-9=0 in Qx(0,7),

$=0 on I'x (0,7), (3.23)
Qb(';T) = g n Q,
and
Ow—vAw+Vg=0 in Qx(0,7),
V- w=0 in Qx(0,7),
w=0 on T x (0,7), (3.24)
1
w(70) = agb(ao) n Q’
with ")
b +wi=0 in wx(0,7), Vi=1,... N i#j, (3.25)

ﬁhy) +w; =0 in wx(0,7).
(i) When [ tends to infinity and « tends to zero, we have

( v O N )
_ Ay(-. T w
U<T)( y(,T),%0) 120 (T) Do)
1:1 1#]
o — (fs o) 2@,
——T 2 /0 (w67 i 0,112 s
L 1:1 175]0 /

where 017 is the solution of h{™ = K*6.

Proof of Theorem[3.7. The arguments are essentially based in [GOT13], [GLHOS| and [Lio71],
after considering the following differences:

(i) This item is checked from [Lio71]. Therefore the problem (3.22]) has a unique solution
h(), which satisfies the optimality system (3.23)-(3.25)).

(ii) From M— 3.25)), it is easy to verify the identity:

/ / (Z WO+ Bih |>d$df+é||¢('70)|’%2(g)zv:(w('aT)a%)m(n)N- (3.20

i=1,i#j

7

-~

Iz
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Applying Young’s inequality on the right-hand side of (3.26) and combining this with the
observability inequality (3.5)) we obtain

2 Nop
a 79 1
[2 < EC@QCI/ E // \wi]2da: dt + Q_CI,QHSOOH%Q(Q)N’ a > 0.

=LAy

—Cy/7°

Choosing a? = C; e and using the optimal condition w; = —h;, Vi=1,..., N, i # j,
g 0

we can deduce that

/ N
T T 2 1 70
/] ( > !hf)!2+2ﬁlh§-)l2> dadt + 2[00 Ol < Coe® oalla: (320
0

2 \i=Li#j

where Cjy, (' are independent of o and 5. Now, since hi(T) lux(o,7) 1s uniformly bounded in
L*(0,7; L*(Q)) for each i = 1,...,N,i # j and ¢y, € H, it follows that the solution ¢ of
system is uniformly bounded in C°([0,7]; H) (see [Tem0OI], Theorem 1.1, page 172).
Then, for each n € N we denote by ¢, the solution of system (3.2 associated to A and
consider 7; = hl(:z in . Thus, we can extract subsequences {hi(;,}, {¢n'}, and {91(7;),}, with
a,y — 0 and B,y — oo (recall that h depends on v and ), such that

h1(77—7,)/ — hi(T) weakly in  L*(0,7; L*(w)), o7, — Qi(T) weakly in H'(0,7; L*(Q)),

i,n/

and
G — ¢ weakly in  L*(0,7;V), Oy — 0,0 weakly in L*(0,7; V™),

where V = {¢ € H}(Q)N : V- ¢ = 0} and V* is the dual space of V. Therefore, using
compactness argument between Banach spaces (see [Tem0O1], Theorem 2.1, page 184) we
deduce that

O (+,0) = ¢(-,0) in H, n' — +oc. (3.28)

On the other hand, from (3.27)) we have
T ’7'9
Bth )||%2(0,T;L2(w)) < 00601/ HQOOH%Q(Q)N and H(bn'(ﬂ O)HLQ(Q)N — 0, n' — 00,

this implies that hy) is uniformly bounded in L?(0, 7; L?(w)) and thanks to (3.28)), ¢(-,0) =0

in Q. Moreover, if 8 — 400 then hg-T) — 0 in L*(0,7; L*(w)). Finally, for fixed ¢y € H we
find:

( N .
v a(0) (T)
_ O—(T) (Ay<7 T)7 ()DO)LQ(Q)N - O'(T) i:1zi7éj(yi, ei,n’)Hl(O,T;L2(UJ))
I r | e — (fo0) 2@
o(T) 2 / o' (T — ) (t b5, 111 0:7:02( 5.
{ i=Lij ) )

which concludes the proof of Theorem [3.7
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3.4 Numerical examples

In this section we present a two dimensional numerical implementation of the reconstruction
formula established in Theorem . In this case, the formula allows to recover the
H-projection of the source for the Stokes system ({3.1]) with observations of one component
of the solution over a subdomain w x (0,7). The objective is to test the feasibility of the
formula for different choices of the temporal dependency of the source o(t) (see Remark[3.3).

Notice that we have to solve several null controllability problems (see (3.2])) and Volterra
integral equations in order to compute the projections of f € L(£2)? on some given
direction ¢, € H. The numerical scheme to solve each Volterra equation is the same as in
[GOT13]. On the other hand, the null-controls with one vanishing component are approxi-
mated by using the two-parameter optimal controls introduced in the previous section. More
precisely, we implement the following algorithm:

Remark 3.4 Taking into account [3.23)), let us first introduce (¢, 7) and (), %), the corre-

sponding solutions of the following systems:

—0) —vAY+ VT =0 In Qx (0,7

Y

~— —

V=0 in Qx(0,7),
P :wO on I'x ((O, 7), (3.29)
1;('7 T) = ¢o n Q7
and A .

—0ph — vAY + Vi =hM 10, in Qx(0,7),

V=0 in Qx(0,7),

D=0 on T x (0,7), (3:30)

(1) =0 in Q.

Now, let us consider the linear operators L : H — L*(0,7; L*(w)?) and L* : L*(0,7; L*(w)?) —
H defined by R
LU}(,O) = _wle[O,T] and L*h(T) = _w(a O>7

where w is the solution of with initial condition w(-,0) and Y is the solution of .
Furthermore, we consider the linear operator A = L*L : H — H defined by

Aw(-,0) := —Iéj)zﬂ(-, 0),

for either 7 =1 or j =2, where

w_(68 0 @_(10
Iﬂ—<01> and [B_(Oﬂ )

Thus, the solution of the optimal control system — s gien by the unique solution
of:

Find w(-,0) € H such that (al + I{%A)w(-,O) =1(-,0). (3.31)
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In the previous scheme, as we have already mentioned, the null exact final condition is
penalized by a and the vanishing component of the control is penalized by the second pa-
rameter (.

The finite dimensional version for the operator A is based on the time-space discretization
of system —. More precisely, we consider finite differences for the time discretiza-
tion and a mixed finite element formulation in space using Ps-type elements for the velocity
and Pi-type elements for the pressure which the classical finite element spaces of piecewise
polynomials (see e.g. [AlI05], [GLHOS]).

For the sake of clarity, we list all the steps involved in the reconstruction algorithm:

e Compute the matrix associated to the operator A: in the jth column of the matrix
we put the solution of (3.23)-(3.25)) with the jth basis finite element function as initial

condition.

e Compute the first M eigenfunctions and eigenvectors (Ag.px), k& = 1,..., M, of the

Stokes system (3.19)).

e For each eigenvector ¢y, compute the solution of with initial condition ¢y =
¢r € H. Next, given the parameters o, 3 and (-, 0) solve to obtain w(-,0).

e In order to obtain the optimal control A{™, solve with initial condition w(-,0),
obtained from the previous step by considering , for each 7 € (0,T].

e For each control h("), we compute the Volterra equation K*0(7) = h() (recall to see the
discretization of (3.11)) in [GOTT3]), to obtain ) for some discretized set 7 € (0, T7.

e Finally, use (3.18)) to find the coefficients of the source f. This complete the application
of the reconstruction formula ((3.18]).

e Apply, if needed, an extra optimization method (3.32)). See the discussion below.

In practice, we observe that the numerical results obtained with the formula al-
low to detect with some accuracy the position of the source but not at all its amplitude.
Therefore we implement an additional step consisting on a classical optimization algorithm
that minimizes the fit between predicted and measured observations, but restricted to the
frequencies associated to large amplitudes previously found. More precisely:

f=argmin ||y"™ — y(9) 01200 + #llg — flIF, (3.32)
g:Xk: CkfLPr

where y™ are the given measurements, p > 0 is some regularization parameter and f is the
recovered source using the reconstruction formula (3.18) for 0 < k < M by adjusting the
unknown coefficient f; for which ¢ is significant by a factor c¢;.

For the numerical experiments we use the following data: we fix Q2 = (0,1) x (0,1) and
T =1 and M = 38. The observation set w is (0,1) x (0.3,0.7). The mesh size is h = 1/20
and the time step size is At = 5 x 1073, The diffusion parameter is v = 5 x 1072 and
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the regularization parameters are o = 5 x 1073 and 3 = 15. We consider a divergence free
unknown source of the form f = (—dyg,019), where g is a Gaussian function with amplitude
A= \/1707, center (zo,yo) = (0.5,0.8) and standard deviation 1 x 107! (see Figure H first
column).

Using the functions o1, 0o mentioned in the Remark [3.6, we show in Figure 3.1 and Fig-
ure the relative errors in L?(2)? of the Gaussian reconstructed source with respect to
the projected source for both components. Here, it is important to mention that the null
controls only depend on the domain €2 and the observatory w, therefore is not necessary to
recalculate them when o(t) is changed. In Figure , the first column shows the projec-
tion of the unknown source on H, the second column is the estimated source using formula
by observing both velocity components. The third and fourth column represent the
reconstruction when a component is missing in the velocity. Finally, the last two columns
represent the reconstructed source when we apply the extra optimization algorithm (|3.32)).
The Figure is analogous to Figure but for another time dependency of the source

0 = oy(t) (see Remark3.3)).

78% 99% 74% 38% 46%

» - .
.

08

06
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o] 05 1

; observing both observing second observing first observing second observing first
projected components component component component optimized ~ component optimized
80% 89% 86% 59% 64%
J 3

.. . :

06

04

02

0 05 1 observing both observing second observing first observing second observing first

projected components component component component optimized ~ component optimized

Figure 3.1: Reconstruction of both component of a divergence free source from local measure-
ments of some components of the velocity in the observatory w = (0,1) x (0.3,0.7) using the
reconstruction formula ((3.18)), and optimization algorithm , for the case 0 = o1. The
L? relative error of the reconstructions with respect to the projected real source is presented.

In Figure [3.3| we present the source coefficients f; for each frequency number £ in the
following cases: the real one, the obtained using the reconstruction formula (3.18) and after
optimization algorithm (3.32). The Figure a) shows estimated coefficients by observing
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Figure 3.2: Reconstruction of both component of a divergence free source from local measure-
ments of some components of the velocity in the observatory w = (0,1) x (0.3,0.7) using the
reconstruction formula , and optimization algorithm , for the case 0 = 05. The
L? relative error of the reconstructions with respect to the projected real source is presented.

the first velocity component and in Figure b) corresponds when we observe the second
component. In both cases, the optimization algorithm approximates better the coefficients,
this can be clearly seen in the last two columns in Figure 3.1} and Figure 3.2,

Comments and related open problems

The strategy presented here for solving the source inverse problem could be useful for
other related systems. For instance, the linear quasi-geostrophic ocean model described in
[GOPT1] could be also considered. However, there are not existing null-controllability results
with one missing component for this type of Stokes systems. The major difficulty is the
Coriolis term that is coupling the equations. The corresponding global Carleman inequalities
seem difficult to prove in this case due to the weight balance that is critical in the presence
of zero order terms. Thus, this inverse source problem is an open problem.

Also, it is known that local null-controllability with one missing components as presented
in Lemma[3.1]is still possible to the Navier-Stokes system with Dirichlet homogeneous bound-
ary conditions [CG13]. This motivates another open problem related to the present work,
which is the extension, via linearization, of some source recovering formula in the non-linear
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a) observing the first component b) observing the second component
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Figure 3.3: The source coefficients f; for each frequency number k£ are presented in the
following cases: the real one, the obtained using the reconstruction formula and after
optimization algorithm . The part a) shows the reconstruction by observing the first
component of the velocity and b) shows the behavior when we observe the second component
of the velocity. In this case o = oy.

case.

Finally, when we deal with the inverse source problem for the Stokes system, we have
to restrict ourselves to sources in the divergence-free space H, in order to avoid pressure
measurements. The case of a source with non zero divergence is an open problem.
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Chapter 4

Second inverse source problem for the
Stokes system

4.1 Introduction

In this chapter we deal with an inverse problem of determining of spatially varying factor in
a source term f(x) of the N-dimensional Stokes system y;, —vAy+ Vp = R(z) f(z), assuming
R(z) known. The main result establishes the Lipschitz stability through one component of
velocity. Our result involved Carleman inequalities and degenerate elliptic operators.

Let © be a nonempty bounded connected open subset of RY (N = 2 or N = 3) of class
C>. We will use the notation @ := Qx (0,7, ¥ := 0Qx (0,T) and by n(x) the outward unit
normal vector to €2 at the point x € 9€). We consider the Stokes system for an incompressible

viscous fluid fow:
ye—vAy+Vp=F(z) in Q,

V.-y=0 in  Q,
y=20 on X, (4.1)
y(+,0) = yo(-) in  Q,

where v > 0 is a constant describing the viscosity, which by simplicity we assume that the
density is one (homogeneous fluid). The density of external force that produce the movement
of the fluid is

F(z) :== R(x)f(x), (4.2)

where R(z) = (r1(x),...,rn(x))" is a vector-valued function and f = f(z) is a real-valued
function.

Inverse source problem. Let w € Q C RY an arbitrary sub-domain, 0 < § < T and the
velocity field y satisfying (4.1)). The inverse problem is to determine f(z) by observation

data yj|w><(0,T)7 yj<'7 9)|Q7 yj|2 for some j S {]., ce ,N}
In general aspects, the inverse problems of this type for the Stokes equations have not been
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studied intensively. As relevant results, we refer to [CIPY13], and [POV™00]. In [CIPY13],
Choulli et al. proved the Lipschitz stability for linearized Navier Stokes equations with ho-
mogeneous Dirichlet boundary conditions and data in an arbitrary subset w. The novelty of
our work is the Lipschitz stability through data of one component of velocity.

We mention that the main result, Theorem , is developed in the spirit of [KIi81] and

[CIPY13], and using ideas presented in [[IY9§], [FCGBGPO06], [Fic60], [Olel2]] and other
related works. In [KIi81], the author introduce a methodology called Bukhgeim Klibanov’s
method the which is based on Carleman estimates to inverse problems.
The documents [Olel2] and [Fic60] treat different aspects of a general theory of second order
equations with nonnegative characteristic form (also called degenerating elliptic equations
or elliptic-parabolic equations), which are used in the proof of Theorem . In the context
of degenerate elliptic operators, our Proposition describe an inequality in L?(Q) for the
Dirichlet homogeneous problem:

L(y) = d(2)yaa, + V5 (2, + @)y =h  in (4.3)
y=0 on 0, '
where ¥ (z)¢;&, > 0 for any vector £ = (£y,...,&y). The interested reader can find more

details of the problem (4.3)) (existence, uniqueness, weak solutions, etc) in [Fic60],[Ole12].

4.2 Preliminary results

In this section we will present some result on Carleman inequalities and second order equa-
tions with nonnegative characteristic form, which are necessary to prove of Theorem

4.2.1 Carleman inequalities

In order to establish the Carleman inequality, we need to define some weight functions. Let
w be a nonempty open subset of RY and 1 € C?(Q) such that

IVnl>0in Q\w, n>0inQ and n =0 on 0N. (4.4)

The existence of such a function 7 is proved in [FI96b]. Then, for all A > 1 we consider the
following weight functions:

e2Mn(@) _ Alnlls ()

. (t) = min a(z, 1), & () = ming(z,1), (4.5)
xeN =)

a(t) = maxa(z, t), £(t) = max &(, 1),
e =9
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In order to prove Theorem we will use the following results, which was proved in
[FCGBGPO6] for a parabolic equation with Fourier boundary conditions. Let us introduce
the system

V=AY =fi+V-f in Q,
(VY + fo) - n=f3 on X, (4.6)
U(-,0) = v in €,

where f; € L*(Q), f € L*(Q)Y and f3 € L*(X). We present now this result:

Lemma 4.1 Under the previous assumptions on fi, f2 and f3, there exist X, 01,09 and C,
only depending on Q and w, such that for any A > X, any s > 5 = 0,(e” + T?) and any
o € L*(Q), the weak solution to (4.6)) satisfies

/ / *(sNEIVY[? + A Y] dadt + s°A° / / e*E2[y[dodt
Q )

C{ff et o -
+ s\ [ [ ¥ fs*dodt + s° X! 28“53\¢|2d dt

4.2.2 Degenerate elliptic equations

In this section we present a result about second order equations with nonnegative charac-
teristic (also called degenerating elliptic equations). Precisely, Proposition is the main
result in this section.

The problem (4.3) was studied by Fichera in [Fic60]. In [Fic60], the author define subsets
on the boundary 02 and differents functions, called Fichera’s functions in order to obtain a
general development. We omit certain details and invite the interested reader to see [Fic60]
and[Olel2].

Next, from (4.3)) we introduce the notation

L*(v) = (aM0) g0, — (0°0) 4 + cv = dYvyq, + b 0y, + v, (4.8)

where

x _ o ki _ pk k
b" = 2a;) — ", C—%kx_b +c.

The following Proposition determine an estimate in the space L?(Q) for the problem (4.3)).
The arguments of the proof are based in [[Ole12], page 24, Theorem 1.2.1].

Proposition 4.2 If ¢ < 0 and —c¢* — ¢ > 0 in QU IQ, then all function y € C*(Q U IN)
with y = 0 on 0S) satisfies

2

min [—c¢* — ¢
QUIL

Y[l z2() < IL(W)]| 2 (4.9)
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Remark 4.1 We remark that the assumption ¢ < 0 in Proposition [{.3 is essential and may
not be replaced by the condition ¢ < 0. This condition is based in the maximum principles
[[Ole1?2], pag. 21].

Proof of Proposition . The operator L(y) may be written in the form
Ly) = (akjyxk):rj + (bk - aﬁz)yaﬂk +cy.
: k_ ki _. 7k :
Setting b" — a;? =: I" and using (4.8) we have
L*(w) = (aMwyy)s;, — (Fw),, + cw,
L{y)w — L*(w)y = (aYwys, — a"ywy,)e; + ("0y)s,.
Integrating in {2 and applying Ostrogradsky’s Theorem, we obtain

/@@w—vwmm:—/mwmm—w@wmwummea (4.10)
Q o0

where n is the interior normal vector to 0.
Now, for every § > 0 arbitrary, we consider the change of variable y — y* + § in (4.10) and
we obtain

/ (L2 +6)w— L* () (32+6))dz = — / (M w(2 40 )0, — 0 (440w, I+ [IFr (5P +6) o

Q o0
(4.11)

Since y = 0 on 9 observe that a*w(y* + d),,n; = 0 on 9.
On the other hands, it is easy to see that

L(y* +6) = 2yL(y) + c(—y* + 8) + 2(y* + 0)a™ yu, Yo, (4.12)
From (4.11)) and (4.12)) we have:

/[L*(w)(y2 +6) — cw(—y* + 0) — 2w(y® + 0)ay,, ys, Jdx

0
= 2/wyL(y)dx +6 /[lknkw — a"w,, njldo.
) G)

Taking into account that a®y,, y,, > 0, y = 0 on 9Q and considering w = —1 it follows that

/ L5 (= 1) (2 + 6) — e(—y? + 6)]dz < —2 / yL(y)dz — o / Fnedo. (4.13)

Q Q
In (4.13) we now let § approach zero. Then

lin(y? + )L (—1) = e(y? + ) (2 + )] =2 (L'(-1) — ) = [~ —] 20 i

Therefore, from (4.13) we obtain that

/de< /|y||L )|da. (4.14)
nnn

Q QU@Q

Applying Holder’s inequality to the integral on the right-hand side of (4.14]), we obtain (4.9).
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4.3 Main result

In this section we prove our the Lipschitz stability for the Stokes system (4.1]), from measure-
ments of one velocity component, and when the source F' depends in space. We also discuss
the difficult in the general case using the technical presented below.

Our main result is given in the following theorem.

Theorem 4.3 Let usi,j € {1,...,N},i# j and 0 <0 <T. Let F(x) = R(x)f(x) satisfy
the conditions

N
Z (rj(2)g)z; <0, rj(x) >0 and ni(x)=0 Vi#j ze€Q, (4.15)

i=1,i%j
feC*Q) with f=0 on O5. (4.16)
Then there exist a constant C = C(Q,w,0, R) > 0 such that for all y satisfying (&) and
OFy; € L*(0,T; HY(Q)) N HY(0,T; H*(Q)), with k =0,1,2,
2 ~
HfHLQ(Q) < C(HAQZ/J'(" e)esa(.’e)HLQ(Q) + Z H(f)mesaafijHL?(O,T;HSM(aQ))
k=0
) (4.17)
+ Z Hfg/QemafijHL?(w(O,T))) :

k=0

where s > 0 is sufficiently large.

Remark 4.2 In Theorem[[.5, observe that 8 > 0. The case of 0 = 0 is essentially difficult,
the Carleman estimates for parabolic equation must hold fort in a neighborhood of 6, namely,
00— <t<O+9, with some d > 0. For 8 = 0, this requires extensions of solutions for
parabolic equations to t < 0, which is impossible in general. Therefore, our inverse problem
with @ = 0 s an open problem.

Remark 4.3 On the other hand, we observe that it suffices to consider only the case of
0 = T/2. In effect, let 6 = {0,T — 0}, then we consider in the domain Q x (0,26)
instead of Q x (0,T). If § = T — 0, then in we make the change of the variables
t — t+ (T —20) to consider the domain Q x (0,2(T — 0)) instead of Q x (0,T). Since
Qx(0—106,0+0)CQx(0,T), all the conditions of Theorem [{.d hold true.

Proof of Theorem Without any lack of generality, we treat the case of j = 1. The
arguments can be easily extended to the general case.
In general, taking into account the divergence free condition of the system (4.1)), we deduce

Ap=V-F inQ. (4.18)

The rest of the proof is divided in two steps. In step 1, we establish a Carleman inequality
in which appears the observations from one component of velocity. In step 2, we connect the
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previous result with Proposition which is referent to degenerate elliptic operators.

Step 1. We apply the operator A to the equation satisfied by y; and we denote ¢ := Ay;.
We then have the parabolic equation

Uy — Ay =A(rf)—0V-F inQ. (4.19)

Using the Lemma {.1| with f; = A(rf) — V- F and f, = 0, we obtain

5 //e2s“§3|w|2dxdt < O(//e23a|A(r1f) 0,V - Fl2dadt
Q
2sa w 2504 3
| &Y ‘ dodt + s° €3[| 2dxdt
for every s > 5.

wx(0,T)
By repeating this idea with 9;1) and 9%¢ in (4.19) and using (4.20), we get the following

estimate:

2
s Z// &30 2dardt SC(// e* | A(rif) — 0V - F|*dzdt
k=0 "G

4 8// 23a ak

815’“ on
k=0

(4.20)

23a 319k 2
//) €310k d:cdt)

wx(0,T
(4.21)
for every s > 3.
Now, taking into account that a(x,0) > a(x,t) for (x,t) € Q and e***@0 =0 for v € Q, we
have

L ::C_1/|8tAy1(x,0)\Qe2s°‘(x’6)da:
Q

%(/g(a:’t)1|atAy1($,t)’2623a($7t)dx> dt
(4.22)

S— o SY—
P

(2567 1(0,0) |0 Ay1|* + (0,610, Ay |* + 267102 Ay 0, Ay e *dadt

(256 71(0,0) [0, A1 |2 + (0,60 Ay | + 267102 Ay 0, Ay )e***dadt,

O

but O,a(x,t) satisfies the estimate
Oz, t)] < O, (a,t) € Q,
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so that, using (4.22) and (4.21]) we deduce

s / |0, Ay (, 0)|2®** @0 dz

< C//<33§|3tAy1\2 + 52|02 Ay, [H)e***dadt

(4.23)
<C <// e A(r1f) — 0,V - F|*dzdt
Q
2 % o
2s0¢| 2 2sa¢3 |19k, /2
+Zs//e ¢ atkﬁn’ dodt + s° // £3|0ky| dxdt)
k=0 "y wx(0,T)
for every s > C.
At this moment we have
32/\8tAy1(m,9)\2e25a(x79)dx
Q
2
< cZ(//e%am(nf) — O,V - F|?dzdt (4.24)
k=0 \"g

+ ”81/2(5)1/268&85Ay1H%Q(QT;HHS(@Q)) +5° // eQSagg‘afAyl‘zdxdt)
wx(0,T)
for every ¢ > 0 arbitrarily small and for every s > C.
On the other hand, applying the operator A to the first equation of (4.1)) and using (4.18))

we have

A(ri(z)f(z)) = 0V - F(x) = 0Ayi(2,0) — A(Ayi(2,0)), x € Q.
Let us define Lf and Dy, for k£ =0, 1,2 by:

L(R(z)f(x)) := A(r(x) f(z)) — AV - F(z) in (4.25)
and 2 1/2 k
Do =& 0 ey + 1O "0 Bl ooy
+)|€%%e SaafA?JlHL?(wx(o,T))-
Then
/ L(R() () Pz < s / 0,801 (2, 0) P> da 57 | A%, 0)e™ 00 g ).

Putting together (4.24]) and the before inequality we deduce the following estimate:

/|L z))|2e? @0y < C’(// ® | L(R(x) f(z))] dxdt+s3ZD2> (4.27)

k=0
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for every s > C. Since a(x,0) > a(x,t) for (x,t) € @), we can absorb in (4.27)) the first term
on the right-hand side by the left hand side, for every s > C.

Step 2. Taking into account that the operator L(R(x)f(z)) = Lgf depends of the dimen-
sion, we consider the following cases.

a) Case of N = 3. The operator L(R(z,0)f(z)) = Lrf defined in (4.25) can be rewritten
by

Lrf =r (ang + a:?:af) - 7”28%2 - 7”38%3.]0
— (Og1g + 0373) 01 [ + (20511 — O0172) 02 f + (20571 — O17°3) 0 f (4.28)
+ [02227'1 + 65337’1 3127"2 3%37"3”,

or equivalently

where
' O —T9 —T3
A=@y_ =0 rn 0|, (4.30)
0 0 T
bl = —827”2 — 837”3, b2 = 2627‘1 — 81’/‘2, bs = 2837“1 — 017’3
and

c = 03,71 + 03511 — Oy — 0213 = Hess : A.

From (4.15)) it follows that A€ > 0 for all € = (&1,...,&y) € RY. Furthermore, it is
easy to see that ¢* = 0.

From (4.29) and (4.16), we can apply Proposition with ¢ = (95, + 933)r1 < 0.
Therefore we obtain

2
2 <
| Fllzoy < min [—Hess : A]
QUIN

| LefllL20)

Multiplying by min e?**®% =: O, the previous inequality and putting together with
e
(4.27]), we have
Collf oy + ° / L(R(@)f (@)= da

(4.31)

< C’<// | L(R(z) f(x))] dxdt+sgzpk) + CoC(A) || Lrf 1720

Taking s > 0 sufficiently large we can absorb the last term on the right-hand side onto
the left-hand side. Thus the proof in the case N = 3 is complete.

b) Case of N = 2. The arguments presented until (4.27) are not dependent on the
dimension. However, in this case the operator L(R(x)f(x)) = Lrf is given by

Lif =m05f — 1205, f — (0or2)01 f + (205r1 — O112) 0o f + (05,71 — Ofyra) . (4.32)
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or equivalently .
LRf = akjfzkzj + bkka + Cf7

ot ; 0 —r
A= (aky)fk\szl — (O r12> ’

by := —0org, by :=20yr; — Oy, ¢ = (Hess: fl) = 03,71.

In this case we also have ¢* = 0. Then, using Proposition with ¢ = (Hess : A) < 0
we deduce

where

and

Col ey + 5 [ 1EARGI e
2 ¢ )
O <// FIELRE) S ()P dede + D) + GO LS
k=0 0

Taking s > 0 sufficiently large (s > CC,C/(A)) we can absorb the first and last term
on the right-hand side onto the left-hand side.
This finishes the proof of Theorem

Comment. In theorem , the hypothesis allows us to obtain a second order
operator with nonnegative characteristic form. However, in the case general of the operator
Lgrf such that is described in or , the condition ¢ A¢ > 0 does not true for every
£ eRV,

There exists other path in order to obtain in the same sense as above an inverse source
problem for the system (4.1, where now the source is F(z,t) = R(z,t)f(z) in @, where
R(x,t) is a known vector field and f(x) unknown. However, this way involved concepts in
degenerate Sobolev spaces (see Appendix and references therein), which impose additional
conditions on R(z,t) and even difficult to check.

Finally, we comments that the inverse source problem for the Stokes system (4.1|) with source
F(z,t) = R(z,t)f(z) from local and missing velocity measurements, is an open problem.
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Appendix A

Degenerate Sobolev spaces

A.1 Introduction

To illustrate briefly a notion of degenerate Sobolev space, we recall that w € H?(Q) is a
weak solution of

Lw=g in{ (A.1)
where L = V!Q(z)V and g € L*(Q), provided

—/Vtv(:c)Q(:v)Vw(a:)dx = /v(:c)g(x)dx (A.2)

Q

for all v € Lip.(£2), the space fo Lipschitz functions with compact closure in 2. On the other
hands, we would like to define a large Sobolev space than H'?(Q) for which the integrals
in (A.2) make sense (exploiting tha fact that Q(x) may degenerate), but for which the
calculus necessary for the proof the regularity continues to hold. One important feature in
the classical case is that Lipschitz, or even smooth, functions are dense in H?(2), and this
density permits the transfer of the required calculus in H1?(Q). There are thus two natural
approaches in the literarure. One is denoted H}(’Q where y is a collection of vector fields, and
uses weak derivatives defined via integration by parts, in which a calculus os problematic,
and the other is denoted Wclf where () defined a general quadratic form, and uses strong
derivatives defined by taking strong limits of Lipschitz functions, which inherits a calculus
by continuity.The denegerate Sololev space H}(’Q defined using weak derivatives has at least

two advantages over the degenerate Sobolev space Wéf defined using strong derivatives:

a. Membership in H}? is easily decided using the definition of weak derivatives, while
membership in W(}?’Q is difficult to decide using Cauchy sequences,
b. The natural bounded mao from H}CQ to L? is one-to-one while the corresponding map

from Wéf to L? may not be-i.e. derivatives in Wéf are not uniquely determined by
the L? component, whereas they are in H?,

while the space Wclf has at least one crucial advantages over H}(’Q:
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c. There is a calculus available for the elements in WCB’Q that is inherited by continuity
from the calculus for the dense subpace of Lipschitz functions, while such a calculus in
generally problematic in H*.

In [SW10] the authors proved that these spaces always coincide in dimension n = 1 whenever
the are both defined, also they proved that Wéf is naturally embedded in H}* (provided x
is such that H}C’z can be defined), and as a consequence gradiants are uniquely determined in

Wé’z. In [CRW13| showed that Wé’Q and H}* coincide in higher dimensions for a collection
of Lipschitz vector fields.

A.2 Some results in linear degenerate operators

Let 2 C R? be a open and ) C (). In this section we mention definitions and results to
second order equations with nonnegative characteristic, specifically we mention existence and
spectral properties for weak solutions the second order non-elliptic linear Dirichlet problem
of the form

Xu=VQx)Vu+HRu+SGu+Fu=f+Tg in Q

(A.3)
u=20 on 0f2,

where () = (Q)(x) denote a bounded nonnegative definite symmetric measurable matrix defined
on Q x R? and H,G,R,S,T are functions and vector fields suitable. Moreover, Q(z,§) =
&'Q(x)¢ represent the quadratic form related to @, this is:

i) 0< Q(x,€) for all € € R* and a.e. x € Q. Note that Q(z,€) may vanish for non-zero
£ eR3.
ii) There is a Cy > 0 so that Q(z,€) < ¢o|¢[? for all £ € R?® and a.e. x € (.

Given a locally integrable to Q(x, &) = £'Q(x)€ on Q,ie.

/ |Q(z)||dz < oo for all compact L C €,
L

where [|Q] is the operator norm on 3 x 3 matrices (all norms on a finite dimensional space are
equivalent), we can define the form-weighted vector-valued L? space Ef(Q, Q) as consisting
of all measurable R3-valued functions v(z) = (vi(z), va(x), v3()), € Q, satisfying

Mz 0.0 = ( /Q Q(x, v(x))dz) 7 < o0 (A4)

Remark A.1 We suppose as usual that /JQ(Q, Q) consists of equivalent classes. In [SW1(]
is proved that the linear space L*(2, Q) is complete with respect to the norm (A.4)), and is in
fact a Hilbert space with respect to the associated iiner product

(v, W) 200 :/Q'v(x)'Q(x)'w(x)dx. (A.5)
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Definition A.1 Let Q be a locally integrable quadratic form on Q. Define nonnegative
functional (possibly infinite) ||w||g on the linear space Lip(Q2) by

lwlle = (0l + IVwlagq)). @ € Lin(@) (A.6)
We then define the degenerate Sobolev space Wé’Q as the completion of the linear space

Lipo(Q) = {w € Lip(Q) : lw]q < o0} (A7)
in the metric d(v,w) = ||[v — w||g.

Remark A.2 In the case that Q and Q are bounded, we can equivalently define Wé’Q as the
completion of C in the metric d(w,v) = ||[v—wl|o. Indeed, this follows inmediately from the
fact that CY(Q) is dense in the classical Sobolev space H“*(2), so that given w € Lip(Q) C
H“2(Q) and € > 0, we can find v € C'(Q) with

o~ wllysz < Cllo = wll ) < <.

By construction Wé’Q is a Banach space of equivalence classes of Cauchy sequences in
Lipo(Q). If W= {w;,}?2, a is a Cauchy sequence of Lipg(€2) functions, i.e. wy, € Lip(Q) and

||wr — leWé’2 —0 ask,l— oo, (A.8)

then there are elements (depending only on the equivalent classs ) in Wé’Q,w e L*Q)
and v € £3(Q, Q) such that w, — w in L?*(Q) and Vuw, — v in £2(Q, Q). The pair
(w,v) € L2(Q) x L2(, Q) represents the equivalence class containing the Cauchy sequence
W in the space W5~ , and provides a Hilbert space isomorphism from Wé’Q to a closed

subspace Wé’z of L2() x £2(£2, Q) by sending the equivalence class of W to (w, v). it is real-
ization Wé’2 of the degenerate Soboles space Wé’2 that we will use often in the general setting.

However, the vector-valued function v € EQ(Q, Q) is not in general uniquely determined
by w e L2(Q) if (w,v) € L*() x £2(Q, Q). In other words, if P is the Hilbert space projec-
tion of L2(€2) x £2(Q, Q) onto L(Q), then the restriction to W57 is not in general one-to-one
(see [FKS82] for a well known example).

The space Wé% is obtained in a similar manner, but in this case we complete the set
Lipy(£2), the set Lipschitz functions having compact support in  with respect to the norm

(A6).

For clarity, we always write QH'(Q2) and QHJ(Q) in place of W5*(€) and W55(Q) re-
spectively, taking isomorphism in context. We adopted this notation in lieu of Wgﬁ(Q) and

Wé%(Q), as is used in [SW10], [CRW13], in order to agree with classical literature. See for
example [MRI5], where it is convention that "W spaces refer to Sobolev spaces defined with
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respect to distributional derivatives. Moreover, in all of our developments we will denote
the vector valued function ¢ of the pair (w, 7) € QH'(Q) by writing J = Vw, and we
will refer to it as the gradiant part (or simple the gradiant) of w and we will often abused
notation by writing w € QH'(Q) in place of (w, Vw) € QH(Q).

We also mention that is possible to introduce definitions and make similar considerations for
the spaces QH'P(Q), QHy?(Q) for 1 < p < 0o, even in the case |Q(z)| is locally nobounded.
For a complete discussion see [[SW10], [CRW13], [MR15] |.

Notation. Consider a vector field

-t

If u is a real valued function on R™ and v is a vector in R" we adopt the notation

Wu = iwig—z, (v, W) = iwi%,

i=1 i=1

= (wyi(x,...,wy(x))) - V.

where (-, -) denotes the standard inner product on R". The formal adjoint W’(z) of the field
W (z) is denoted by

~—

W'(z)u = —div(wy (z)u(x), ..., w,(x)u(z)) = — Z %(wl(x)u(x)

A vector field W (z) as above is always identified with the vector valued function (wy (z), ..., w,(z))

and is said to be subunit respect to the matrix () in € if

(Zwl &) < €. Qe (A9)

for every £ € R™ and almost every z € €.

Remark A.3 If a vector field W(x) si subunit with respect to the matriz Q = Q(x) in )
we will simply refer to it as a "subunit vector field ” with the set Q and matriz QQ taken in
context.

Given N € N an N-tuple W = (Wy,..., W) of vector fields and an RY -valued function
G=(g91,---,9n), WG denotes the inner product "of W and G”,i.e.

WG =) Wi(z)g().

i=1

Lastly, if u is a real valued function,

GWu=>_ g(x)Wi(z)u(z), WGu) Z W (z (z)). (A.10)

i=1

As in the elliptic case presented in [GT15], a negativity condition for the lower order terms
G,S and F of X will be required.
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Definition A.2 Let us Q C open bounded domain in R™. We say that X satisfies a
negativity condition if and only if

/(Fw + GSw)dzr <0 (A.11)
Q
for all w € Lipg(Q2) satisfying w(z) > 0 in .

Remark A.4 The condition (A.11)) is the key property that allows the application of the
Fredholm Alternative enabling one to conclude existence of weak solution to the problem

(A.3), see [Rodll). .

This can also be seen in the elliptic case. For example, setting G = H= 0, g=10, FF=c¢
for a fized constant ¢ and Q(z) = Id, equation (A.3)) becomes the elliptic equation

Au+cu = f.

Here, the negativity condition becomes ¢ < 0 which is sufficient for the existence of
weak solutions to equations of this type, see [GT15]. Lastly, the condition (A.11) can differ
of the presented in [GT1H] by a negative sign, but they are equivalent. This is due to the
usage of the formal adjoint S’ of the vector field S in . This term appears as —S’ in
[GT15).

Definition A.3 Let Q C Q. A second order operator X of the form
X =V'Qx)V+HR+ S’ G+ F (A.12)
15 said to be of the subelliptic class related to (Q, Q,Q) if and only if

i) Q(z) is a bounded measurable non-negative definite symmetric matriz defined in <
satisfying .
it1) R,S are, for some N € N, N-tuples of first order vector fields subunit with respect to
Q in €,
iii) H,G are measurable RY -valued functions defined in Q, Fis a real valued measurable
function defined in Q and

i) S, G, Fsatisfy the negativity condition (A.11)).

We list the Poincaré and Sobolev inequalities adapted to the matrix () in order to describe
Theorem [A4]

The local Poincaré Inequality. We say that the local Poncaré inequality of order p
holds if there are constants C' > 0 and b > 1 so that for every p-ball B(y,r) centered in §2
with br € (0,71(y)) the inequality

(g1 [ 1= gmpa) " <or(p [ vavsras)” (A.13)

| Bbr | Bpr

holds for all f € Lipe(€2). Notice that a continuity argument allows one to extend (|A.13)
to hold for all pairs (f, Vf) € QH"P(Q).
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The Global Sobolev Inequality. For an open set Q € Q with Q C ), we say that the
global Sobolev inequality holds on €2 holds if there are postitive constants C' > 0 and ¢ > 1

such that L )
(/Q!fF”d:c) v SC(/Q]\/@Vdex>2 (A.14)

holds for all f € Lipy(£2).

The Global Poincaré with Gain w. For an opens subset Q of satisfying Q C QO
we say that the global Poncaré inequality with gain w > 1 holds on € if there are contants
C > 0 and w > 1 such that

(/Q S = fQP“dx)i < C(/Q ]\/@Vfﬁdxf (A.15)

holds for all f € Lipg(2).

Remark A.5 1. If the global Poincaré inequality (A.15)) holds, then Holder’s inequality
implies that the Global Weak Poincaré Inequality gain w > 1:

(/Q|f’2wdﬁ€>21w§C</Q!\/@Vf|2dac+/Q|f|2d:z:>é (A.16)

also holds for all f € Lipg(2).
2. In the elliptic case (Q(x) = Id), inequality of the form (A.15)) and (A.16]) are proved

when the boundary of Q is sufficiently reqular. For example, 0 € C%' is used in
[GT15] for such purposes. See [[GT15], Theorem 7.26] and related discussions.

3. In the elliptic case, where Q(x) = Id, the classical Sobolev inequality has the form

2(n—1
(A.14), forn > 3, where 0 = "5 and C' = %, see [GT15).

The above inequalities are assume on quasimetric balls given by a quasimetric p(x,y)
defined in 2 and upper semicontinuous in the second variable. The quasimetric ball of radius
r > 0 centred at x € () is given by

B.(x) ={y € Q: p(a,y) <r}.

The principal result of this section assume that the pair (Q, p) is a homogeneous space. As in
[SWO6], a pair (€2, p) is a homogeneous space if p is a above and the collection of quasimetric
balls {B,(y)},+0,cq satisfies a doubling condition with respect to Lebesgue measure. That
is, there are constants co > 1,y > 0 so that

| Beor ()| < Co| By (y)|
forallyEQandr>O.

Theorem A.4 Let (Q, p) be a geometric homogeneous space and let Q be a bounded domain
such that Q@ C Q. Assume that the Poincaré mequality holds with p = 2 and that
the global Sobolev inequality with gain o > 1 holds. Let X be a second order linear
degenerate subelliptic operator with rough coefficients as in . Assume that F € L'(Q)
with t > o' and G,H € [LY(Q)|N with g > 20’. Then each of the following hold.
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1) There exists an at most countable set ¥ C R such that the X - Dirichlet problem

Xu=Xu+f+Tqg in Q
{ U u+f+Tg in (A7)

u=20 m 00

admits a unique weak solution w € Hyy(q) for every fe L*(Q), every K € N, every
K-tuple T of subunit fields and every g € [L2(Q)]X if and only if A ¢ X.
2) If ¥ is infinite, its elements can be arranged in a monotone sequence diverging to +o00.

3) If X ¢ ¥ there exists a constant C = C(\,Q, G, H, F') > 0 such that

lellgmg < C (I lze@ + VE gl ) (A18)

whenever f € L*(Q), K € N, T is a K - tuple of subunit vector fields, g € [L*(Q)]" and
u € QHL(Q) is a weak solution of (A.3)).
4) If N € X, let N C QHL(Q) be the subspace of weak solution of the X -Dirichlet problem

Xu= M m
u=0 m OS2

and N* C QHL(Q) be a subspace of weak solutions of the adjoint problem

X'u = M\ m <
u=>0 m 02

Then 1 < dimN = dimN* < co and problem (A.3)) admits a weak solution u € QHL(Q)
if and only if

/fv+gTvdx =0 forallve N,
Q

5) If X satisfies negativity condition (neq), see Definition bla, then ¥ C (0, 00).

1. If X s self-adjoint (that is, if HR = GS almost everywhere in ), then all eigenvalues
of X are real, X is infinite and we have the following variational characterization of
the eigenvalues of X :

L
A =min Y = min —(u;u) ,
weQHHQ) {00} [ uPdx

and there exists an eigenfunction (uy, Vuy) € QHJ () of the X -Dirichlet problem (A.3)

related to the eigenvalue Ay for whom uy > 0 a.e. in ). Furthemore,

L(u,u) w e QH&(Q) —{(0, h)},/ﬂuuldx =0},

u,
fQ wdz

Ay = min{
with corresponding eigenfunction (us, Vug) € QHJ () where uy is orthogonal to uy in
L*(2). Recursively, for every k € N and for every j=1,...,k —1,

AL = min{
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with corresponding eigenfunction (ug, Vug) € QHg () where uy, is orthogonal to u; in
L3(Q2) for every j = 1,....k — 1. Moreover, A\ € R is an eigenvalue if and only if
M = A for some k € N. The sequence {uytren C L*(Q2) forms a complete orthogonal
system of L?(2). The sequence {(uy, Vuy) }ren C QHJ () is an independent system of
element of QHg (), which is also a system of generators of QHJ(Q) if and only if the
projection i: QHJ () — L*(Q) is injective. Finally, problem is variational with
associated functions defined on QHZ () by

I(u) = %C(u,u) — %/

uidr — / fu+ gTudz.
Q Q

Remark A.6 Theorem [A.]] is a direct consequence of spectral results for the X- Dirichlet

problem with X a second order linear degenerate elliptic operator with rough coefficients
described in [MR15].
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